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l/^ ' The half-maximal supergravity theories in three dimensions, which have local 5'0(8) x SO{n) 

lO ■ and rigid SO{^, n) symmetries, are discussed in a superspace setting starting from the supercon- 

Cn . formal theory. The on-shell theory is obtained by imposing further constraints; it is essentially a 

non-linear sigma model that induces a Poincare supergeometry. The deformations of the geom- 
etry due to gauging are briefly discussed. The possible p-form field strengths are studied using 
supersymmetry and S'0(8, n) symmetry. The set of such forms obeying consistent Bianchi iden- 
tities constitutes a Lie super co-algebra while the demand that these identities admit solutions 
places a further constraint on the possible representations of 50(8, n) that the forms transform 
C^ . under which can be easily understood using superspace cohomology. The dual Lie superalgebra 

can then be identified as the positive sector of a Borcherds superalgebra that extends the Lie 
algebra of the duality group. In addition to the known p = 2,3,4 forms, which we construct 
explicitly, there are five-forms that can be non-zero in supergravity, while all forms with p > 5 
vanish. It is shown that some six- forms can have non-trivial contributions at order a' . 



*email:jesper. greitz@nordita.org 
^email: paul.howe@kcl.ac.uk 



Contents 

1 Introduction 2 

2 Geometry 3 

2.1 Conformal constraints 3 

2.2 The N = 8 case 5 

2.3 The on-shell Poincare theory 6 

2.4 Vector fields 8 

2.5 Gauging 9 

3 Forms 11 

3.1 General Method 11 

3.2 Example of a consistent Bianchi identity 13 

3.3 Form Fields 14 

4 Borcherds Algebra 15 

4.1 The Borcherds algebras for half-maximal supergravity 16 

5 Corrections at order a' 18 

6 Conclusions 21 
A Spacetime coventions 22 
B Conventions for 6*0(8) and 50(8, n) 22 
C Borcherds algebras 23 
D Superspace cohomology 24 

E Bianchi identities 25 

E.l Two Forms 25 

E.2 Three Forms 25 

E.3 Four Forms 25 

E.4 Five Forms 25 



1 Introduction 

Rigid symmetry groups play an important role in maximal supergravity theories in various di- 
mensions [1]. In particular, m D = 3, this group is -Eg [2], the largest finite such group. The 
scalars in this theory live in the coset S0{16)\Es, where the R-symmetry group 5*0(16) is local, 
and in fact the theory is essentially a sigma model because there are no purely gravitational de- 
grees of freedom. In superspace this sigma model induces a super-geometry which was described 
in some detail in [3] . The rigid symmetry group plays a crucial role in the construction of the 
additional field strength form fields and also facilitates the gauging of the theory. In addition 
these forms are associated with extended algebraic structures in maximal supergravity theories 
including Borcherds algebras [4, 5] and En [6, 7, 8]. 

There is also an interesting set of theories that have half-maximal supersymmetry. In D = 3 
there are a number of half- maximal supergravities with sigma models of the form (5*0(8) x 
S'0(n))\S'0(8,n) that were first introduced in [2] and further studied in [9]. The forms in these 
models have been discussed in [10] while the gaugings of half-maximal theories have also been 
extensively studied, see, for example [11]. 

In this paper we study these half-maximal theories in a superspace setting, starting, as in the 
maximal case, from the off-shell superconformal geometry. We then describe how one needs to 
specify the fields that appear in this geometry in terms of the physical sigma model fields in order 
to obtain the on-shell Poincare supergravity theory. An interesting feature of this geometry is 
that the local symmetry group is bigger that the R-symmetry group 50(8) because the SO{n) 
curvature has to be included. We also study the gauging in this geometrical setting. A feature 
here is that, although the off-shell superconformal geometry is special in A^ = 8 because one can 
impose a duality constraint on the dimension-one scalars, it turns out that this is not sufficient 
in the gauged case and that one needs to keep both dualities. 

We then go on to study the form fields in these theories using only supersymmetry and the 
bosonic symmetries of the Poincare theory. Assuming that the forms fall into representations of 
50(8, n) and demanding that the Bianchi identities be consistent we can classify the possible 
forms that can arise. For potentials up to the spacetime limit, i.e. field strength p-forms with 
p = 2,3,4, we find agreement with the results of [10], as one would expect. We then find 
all the allowed five- forms. Such forms can have non- vanishing dimension-zero components in 
supergravity and so need to be classified in order to find the complete theory. They can also 
play a role in the gauge hierarchy [12] although we shall not discuss this topic in detail here. 
The interested reader can find a superspace discussion for the maximal case in [3]. We do not 
solve all of the Bianchi identities for the forms but we do give some examples of solutions. 

The allowed degrees of the forms are naturally truncated in spacetime, but can increase without 
limit in superspace because the odd basis forms commute. Form fields beyond the spacetime 
limit were discussed for maximal theories in Z) = 10 in [13]. There it was shown that the degrees 
of the forms can indeed be increased without limit and that these forms transform under the 
representations that one would expect from the Borcherds algebra point of view [4, 14]. In a 
sense this is quite satisfying because to get the full Borcherds algebra one needs all of the forms, 
whereas the spacetime approach inevitably leads to a truncated picture. More generally, one 
can show that the set of field-strength forms that satisfy consistent Bianchi identities gives rise 
to a Lie super co-algebra. The forms transform under representations of the duality group (here 
50(8,n)) and there is a further constraint on the allowed representations that arises from the 
requirement that the Bianchi identities be not only consistent but also allow solutions. In the 



half-maximal D = 3 case it turns out, for cohomological reasons, that there is only one such 
constraint; it restricts the allowed three- form field strengths. All the higher-degree forms are 
then determined by the consistency of the Bianchi identities. This final constraint restricts the 
algebraic structure and one can show that the dual Lie superalgebra can be identified with the 
positive sector of a Borcherds algebra, i.e. it is spanned by the elements of the algebra that 
correspond to the positive roots. This set of roots is generated by the positive simple roots of 
S0(8,n) together with an extra odd root. 

The field-strength forms with degree greater that D + 2 are trivially zero in the supergravity 
limit, so that one would like to see if any of them could become non-zero if one includes string 
corrections. In maximal supergravity such corrections start at a'^ and are consequently not 
easy to analyse. On the other hand, in the half-maximal D = 3 theories, one might expect 
there to be corrections starting at order a' . We investigate this possibility here by looking at a 
subset of the possible six-forms that can arise and give some evidence that one can indeed find 
some non-vanishing six-form components that are compatible with at least some of the Bianchi 
identities. This result gives us confidence that forms beyond the spacetime limit are indeed 
physically significant when one takes higher-order corrections into account. 

The organisation of the paper is as follows: in section 2 we describe the geometrical set-up 
and review the off-shell superconformal constraints for iV-extended supergravity in D = 3. In 
section 3 we introduce the 50(8, n) sigma model in the context of this supergravity background 
and show how the latter can accommodate it by making appropriate identifications. We also 
introduce the vector fields that transform under the adjoint representation of 5*0(8,71,). We 
briefiy discuss the deformation of the geometry due to gauging via the modified Maurer-Cartan 
equation and show that both dualities of the dimension-one scalar superfield are required for this 
to work. In section 4 we turn our attention to the additional form fields. As well as the duals to 
the scalars (two-form field strengths) there are three-, four- and five-forms whose potentials have 
no physical degrees of freedom, and higher-degree forms whose field strengths are identically zero 
in supergravity. We discuss the Lie super co-algebra associated with these forms and argue that 
the dual Lie superalgebra is the positive sector of a Borcherds algebra. In section 5 we identify 
some possible six-forms in the theory and show that some of them can be non-zero when order 
a' corrections are switched on. Our conclusions are given in section 6. 



2 Geometry 

2.1 Conformal constraints 

For iV-extended supersymmetry we consider a supermanifold M with (even|odd)-dimension 
(3|2A^). The basic structure is determined by a choice of odd tangent bundle Ti such that the 
Frobenius tensor, which maps pairs of sections of Ti to the even tangent bundle, Tq, generates 
the latter. We shall also suppose that there is a preferred basis E^i, a = 1,2; i = 1,...N 
for Ti such that the components of the Frobenius tensor, which we shall also refer to as the 
dimension-zero torsion, are 

r„/3/ = -i<5,,(7')a/3 ; C = 0, 1, 2 . (2.1) 

At this stage Tq is defined as the quotient, T/Ti, but we can make a definite choice for Tq by 
imposing some suitable dimension one-half constraint. When this has been done, the structure 



group will be reduced to SL(2,W) x SO{N), with the Lorentz vector indices being acted on by 
the local SO{l,2) associated with 5L(2,M). The dimension-zero torsion (2.1) is also invariant 
under local Weyl rescalings, although we shall not include this factor in the structure group. 
This indicates that we can expect to find a conformal multiplet. With respect to this structure 
we have preferred basis vector fields Ea = {Ea,Ea) = {Ea,Ec,i) with dual one-forms E = 
{E"-^E—) = (£^", £■"*), the latter being related to the coordinate basis forms dz^' = {dx"\dOi^) 
by the supervielbein matrix Em , i-e. E = dz Em ■ Here, coordinate indices are taken from 
the middle of the alphabet, preferred basis indices from the beginning, while even (odd) indices 
are latin and greek respectively. Underlined odd indices run from 1 to 2A^, and SO{N) vector 
indices are denoted z,j etc. 

We now introduce a set of connection one-forms, ^a^ , for the above structure group. We have 



17 ^ - 


= [7,^ = 


-^J' - 


= d^^nJ + dJVLii 


^a -- 


-- -(7aVf^/3"- 



(2.2) 

Spinor indices a, /3 are raised and lowered by the epsilon tensor, while Lorentz and SO{N) vector 
indices are raised by the corresponding metrics rjabi^ij. We have VLap = ^j3a while ^ah and Ojj 
are antisymmetric. The torsion and curvature are defined in the usual way 



T^ = DE^ := dE^ + E^VLb"^ 
Ra^ = dflA^ + ^A^^c^ ■ (2.3) 

The Bianchi identities are 

DT^ = E^RbA 
DRa^ = . (2.4) 

Equation (2.1) does not simply determine the structure group, it is also a constraint. With an 
appropriate choice of dimension one-half connections and of Tq, and making use of the dimension 
one-half Bianchi identity, one finds that all components of the dimension one-half torsion may 
be set to zero: 

Taj3^ = Ta/ = . (2.5) 

Imposing further conventional constraints corresponding to the dimension-one connection com- 
ponents we find that the dimension-one torsion can be chosen to have the form 

Tab'' = 
Ta^j-" = (7a)/3"i^/ + (7')/^a./ , (2.6) 



where Kij is symmetric and Labij is antisymmetric on both pairs of indices. The dimension-one 
curvatures are 



Rai(5j,cd = —'ii{7cd)al3Kij — liEapLcdij 

RaiPjM = 'i'£al3iMijkl + 4:5[i[kKj^]) - i{j"-)ai3{4:6(^i[kLaj)l]- 6ijLakl) , (2.7) 

where Lab = ^abcL'^i and Mij^i is totally antisymmetric. This geometry describes an ofF-shell 
superconformal multiplet [15]. The interpretation of the dimension-one fields, K,L,M, is as 
follows. The geometry is determined by the basic constraint (2.1) which is invariant under Weyl 
rescalings where the parameter is an unconstrained scalar superfield. This means that some of 
the fields that appear in the geometry do not belong to the conformal supergravity multiplet. 
At dimension one K and L are of this type, so that we could set them to zero if we were only 
interested in the superconformal multiplet. The field Mijki, on the other hand, can be considered 
as the field strength superfield for the conformal supergravity multiplet [15]. ""^ The fact that M 
is not expressible in terms of the torsion is due to a lacuna in Dragon's theorem [17, 18] which 
in higher-dimensional spacetimes states that the curvature is so determined [19]. We recall 
that in three-dimensional spacetime there is no Weyl tensor but that its place is taken by the 
dimension-three Cotton tensor. This turns out to be a component of the superfield Mj^^; so that 
we could refer to the latter as the super Cotton tensor. Using the notation [k, I] to denote fields 
that have k antisymmetrised SO{N) indices and I symmetrised spinor indices, one can see that 
the component fields of the superconformal multiplet fall into two sequences starting from Mijki- 
The first has fields of the type [4 — p,p], where the top ([4, 0]) component is the supersymmetric 
Cotton tensor, while the second has fields of the type (4 + p,p) and therefore includes higher 
spin fields for N > 8. There is also a second scalar [4, 0] at dimension two. Fields with two or 
more spinor indices obey covariant conservation conditions so that each field in the multiplet 
has two degrees of freedom multiplied by the dimension of the SO{N) representation, provided 
that we count the dimension-one and -two scalars together. It is easy to see that the number of 
bosonic and fermionic degrees of freedom in this multiplet match. 

2.2 The N = 8 case 

The case A^ = 8 is special for two reasons. Firstly, it is possible to impose a self-duality constraint 
on the superfield Miji^i that reduces the size of the conformal supergravity multiplet to 128 + 128. 
The fields are the graviton, 8 gravitini, the 5*0(8) gauge fields, the dimension-one scalars Mijki, 
a matching dimension-two set with opposite duality and 56 dimension three-halves spinor fields 
(three-index antisymmetric field Xaijk)- The second feature is that it is possible in this case 
to take the R-symmetry group to be Spin{8) rather than 5*0(8). It turns out that this is the 
correct choice in order to describe the Poincare theories, and so we shall switch to this for the 
remainder of the paper. We denote the spinor indices by I,J,... ((0010) representation) and 
I'. J' . . . ((0001) representation), while we keep i,j, . . . for the vector representation (1000). All 
three types of index can take 8 values. So for A^ = 8 we shall take the basis odd one- forms to 
be E""^ , and in the above formulae replace all the small internal indices by capital ones. Thus 
the non-zero components of the torsion are, at dimension zero 

Taipf = -i6iji-/'')a^ ; c = 0, 1, 2 , (2.8) 



^This was discussed explicitly in for the case of A'^ = 8 in [16]. 



and, at dimension one, 

Ta(,J^'' = {la)p''Kj^ + {^')p'^L,,j^ . (2.9) 

The dimension-one curvatures are 

RaIl3J,cd = —'^i{lcd)al3Kij — liEa^LcdlJ 
RaIl3J,KL = i£al3{MijKL + 4.6iiiKKj]L])-i{l"')al3{^\llKLaJ)L]-^IjLaKL) , (2.10) 

The field Mjjkl can be self- or anti-self-dual; in the former this is the representation (2000), i.e. 
a symmetric traceless second-rank tensor, while in the second case the representation is (0002) 
which is the anti-self-dual fourth-rank tensor. 

The other components of the curvature and torsion can be derived straightforwardly from here, 
although we shall not give the details in this paper. 

For the conformal case, the dimension three-halves Bianchi identities were solved explicitly in 
[17], while a detailed discussion of the N = 8 case has been given in [18]. 

2.3 The on-shell Poincare theory 

As the graviton and the gravitino carry no physical degrees of freedom in on-shell Poincare 
supergravity in D = 3, it is necessary to introduce matter fields in order to get a non-trivial 
theory. For A^ = 16 this takes the form of a supersymmetric sigma model based on the coset 
SO{16)\Es while for N = 8 there is a series of such models that make use of the cosets (5*0(8) x 
SO{n))\SO{8,n). Notice this implies that the local R-symmetry group will be enlarged by the 
SO{n) factor and hence that there will be a corresponding additional curvature tensor in the 
geometry. We shall denote 5*0(8,71,) vector indices by R,S,... and SO{n) vector indices by 
r,s..., so R = {i,r) where i is an 50(8) vector index as before. We take the generators of 
so(8,n), Mrs = -Msr, to satisfy 

[Mrs, M^^] = -45[r[^M5]^1 (2.11) 

Written out with respect to the S0(8) ©so(n) decomposition this is 

[Mij,M''^] = -4(5[J'^Mj-/l 

[Mrs,M'^] = -4,5[,[*M,]"1 

[M,,-,M'=n = -2(5[>M,f 

[Mrs,M'''] = 2,5[/M,]'= 

[Mir,Mjs] = -7]ijMrs-7]rsMij . (2.12) 

The 50(8, n) metric is tjrs = {5ij, —Srs)- 



The sigma model field V is an element of 5*0(8, n) that depends on the superspace coordinates. 
It is acted on to the right by S0{8, n) and to the left by the local SO{S) x SO{n) and therefore 
corresponds to an {SO{S) x S0{n))\S0{8,n) sigma model superfield. The Maurer-Cartan form 
is 

^ ■= dVV~^ := P + Q , (2.13) 

where Q = ^Q,^^ Mij + ^Q'^'^Mrs, ^^^ being the SO(n) connection and where P = P^^Mir takes 
its values in the quotient algebra. From the Maurer-Cartan equation (vanishing SO{8,n) cur- 
vature), d^ + ^'^ = 0, we find 



DP = (2.14) 

R = -p2 , (2.15) 

where R := ^R^^Mij + ^R^'^Mrs is the S0(8) ©5o(n) curvature, while D is the corresponding 
covariant exterior derivative. In indices, the above equations are 

2D[aPb]+Tab^Pc = (2.16) 

Rab = [Pa,Pb] ■ (2.17) 

The dimension of the sigma model coset is 8n, so we need an equal number of fermions for 
supersymmetry. To ensure this we impose a constraint on the dimension one-half component of 
P. We set 

Pi^j = i{T.^)ij:Kj, , (2.18) 

where A^j, describes the 8n physical one-half fields. The dimension-one component of (3.4) is 
then satisfied if 

D^ik'pj, = i(7«),^(E,)/j'Pr . (2.19) 

We can think of Pai as essentially the spacetime derivative of the physical scalar fields. In order 
to see this more explicitly, it is perhaps useful to look at the linearised limit. In the physical 
gauge we can put V = exp((j)'^^ Mir) where (/>*'" denotes the 8n scalars. If we now keep only terms 
linear in the fields we find 



DalA'/SJ' = ^(7")a/3(S.),J,Pr = ^(7")a/3(S.)/J'9„</.- , (2.20) 

where Dai here is now the usual supercovariant derivative in flat superspace. It follows from 
(2.20) that, in the linearised limit, both (/>*'' and A^j, satisfy free field equations of motion. To see 

7 



this explicitly one needs to apply another spinorial derivative to the second of these equations 
and use the supersymmetry algebra to find the Dirac equation. The scalar equation then follows 
from this by applying another derivative. 

It is now easy to compute the dimension-one curvature and torsion in terms of the sigma model 
fields and to verify that they can be slotted into the superconformal geometry. We find 



Kij = '-5uB:='-6ijKA 

LalJ = UT.'^)l.jAaij:=UT.'^)l.jk-1a^ijk 
o o 

MijKL = ^i^'niA^'')KLB^jki := ^(S*^)/j(S^VlAS,,hA , (2.21) 

where, on the right-hand-side, the spacetime and internal spinor indices are contracted in 
the natural way (see appendix). The internal SO{n) vector indices are contracted with 'qrs- 
These formulae determine the non-zero dimension-one torsion and curvature components. The 
dimension-one component of the SO{n) curvature is 

Raipj,Ts = 2{-i'')^p5uKlaK - -eap{^'^)ijK^ijK ■ (2.22) 

Notice that Mjjkl is in the representation (0002) (because A carries a primed spinor index), so 
that it is anti-self-dual. 

Equations (2.21) and (2.22) show that the geometry is determined in terms of the matter fields, 
and so the full non-linear equations of motion for the physical fields can be derived from the 
above set of equations by supersymmetry. As the details of the higher-dimensional torsion and 
curvature components and the equations of motion are rather similar to the maximal case we 
shall not give them here, but refer the interested reader to [3] where this discussion is given. 

2.4 Vector fields 

In section three we shall describe the various p-form fields that can arise in the theory. However, 
in order to understand the gauged geometry we shall only need the two-form field strengths. 
These should transform according to a representation of the duality group 50(8, n) and by Hodge 
duality there should be the same number of them as there are scalars. This is accomplished by 
taking the vector fields to transform under the adjoint representation of 5*0(8,71,). It will turn 
out that 8n of the field strengths are essentially duals of the field strengths for the scalars at 
dimension one while the others are composite. In the ungauged theory the Bianchi identities for 
the two-forms are abelian, 

^pRS ^ Q _ (^2.23) 

It is not difficult to solve for the components of F in terms of the physical fields. We denote 
the components of the scalar field matrix V in the fundamental representation by 

-R — i^/R -ir R 



^R = {Vi . Vr) ■ (2-24) 



Then the components of F are 



F,^^ = e,,-(2Pf y,[«y/i + ^Ajfy.^F/ - 2i^-y,«F/) . (2.25) 

The bihnear (in A) Aaij is defined in (2.21) above, while Aars '■= ^rja-^s- Notice that this 
equation shows that the dimension-one component of F^'^ contains the 8n scalar field strengths 
P^^ as required. 

2.5 Gauging 

Supergravity theories are gauged with the aid of the embedding tensor. The half-maximal cases 
are discussed in [11] in various dimensions. In D = 3 in the maximal theory, with £'§ duality 
group, the embedding tensor is a projector in the adjoint representation [20, 21], which in that 
case coincides with the fundamental. In the half-maximal case we can use a similar approach, 
that is, we can take the embedding tensor £x to be a projector in the adjoint representation, 
X = [RS]. This matrix, when the second index is lowered, is symmetric and projects onto the 
Lie algebra of the gauge group Qq. There is an additional constraint that follows because £ 
should be invariant under gauge transformations; this is 

£x'''£(Y'^'fz)X'Y' = , (2.26) 

where fxYZ denotes the S0(8, n) structure constants. 

The gauged theory has a local gauge group Go, embedded in G = 5*0(8, n) as described above, 
and we can also use a formalism in which the local 5*0(8) x SO{n) symmetry is maintained. 
Thus the formalism appears G-covariant, but in fact is not due to the presence of the embedding 
tensor. 

The discussion is best approached via the gauged Maurer-Cartan form [22] (see [23] for the 
superspace version) which can be written 

$ = I?VV"^ = P + Q , (2.27) 

where P is a gauge-covariant derivative (for Gq) that acts on the E^ index carried by V^^, i.e. 
the superscript. The gauged Maurer-Cartan equation, which follows directly from (2.27), is 

R + DP + P^ = gF:= gVFV'^ . (2.28) 

Here, 5 is a constant with dimensions of mass which characterises the deformation and D is 
covariant with respect to both 5*0(8) x SO{n) and Gq. The theory has both of these groups as 
local symmetries, but the rigid SO{8,n) is broken. The technique we shall use in the following 
analysis is to work with 5*0(8) x SO{n) indices, so that the gauge group is hidden from view. 



The original geometrical constraint in superspace (2.1), i.e. taking the dimension-zero torsion 
to be the same as in flat space, together with the allowed conventional constraints, leads to the 
dimension-one torsion and curvatures given in equations (2.9) and (??). Since the deformation 
parameter g has dimension one it follows that we can expect changes to the tensors Kij,Laij 
and MjjKL- These can only be proportional to g multiplied by functions of the scalars and so 
Laij must be unchanged. This leaves K and M. 

To implement the gauging explicitly we first need to solve for the two-form field strength. This 
should be projected along Qq which leads us to propose that it should have the form 



r 



X 



Yc X 



F'Sy 



(2.29) 



It is easy to see, using the fact that T>£x^ = 0, that the Bianchi identity for T^ will be solved 
if we take the components of F to have the same form as in the ungauged case. In fact, the 
only (7-dependence could be at dimension one, but since this component of -F is a spacetime 
two-form this cannot arise. At dimension one we therefore find 



tRS 



lEr 



,{J:'^)jjV/VI'£tu, 



RS 



(2.30) 



where we have replaced the adjoint indices on £ by pairs of antisymmetrised vector indices. 
Using this and (2.28) we find that the deformations of the dimension-one geometrical tensors 
due to gauging have the form 



RaIl3J,kl(9) 

RaII3J,rs{g) 

DaI-^(5Jkr{g) 



geai3i'^^^)ljfij,kl 
geai3i'^^^)ljfij,rs 
gea(5{^^-')ljfij,kr 



(2.31) 



where the functions / are defined by 



fRS,fu ■=Vr ^s ^t % £rs,tu 



(2.32) 



Since £xy is symmetric the representations that it contains are four-index antisymmetric, two- 
index symmetric traceless, a singlet and a tensor with the symmetries of the Weyl tensor. In 
Young tableaux. 





® 




/ sym 


— 



(2.33) 



(2.34) 

If the Weyl tensor representation were non-zero, then there would be a contribution of the same 
symmetry type to fij^ki which cannot be accommodated in M or K. So this representation 
must be absent, and there is therefore an extra constraint on £. There are no problems with 
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any of the other representations but there is an interesting point concerning the 35-diniensional 
representations that appear in fij^ki- In fact, ah three can occur: the anti-self-dual four-form 
will deform Mjjkl while the self-dual four- form will deform the traceless part of Kij. The 
symmetric traceless 35 in fij^ku then modifies the self-dual part of Mjjkl- Thus, in the generic 
gauged theory, it is not possible to impose the duality constraint on the iV = 8 superconformal 
multiplet. 

Explicitly, we find that the deformations of the dimension-one scalar functions are given by 



Kij 

MijKL 



g{6ufo + (S^^'^O/j/ftl) 

9{{'^^^ )lj'fijkr + {^^)lj'fir) , 



(2.35) 



where the functions on the right are in the irreducible representations indicated, with the plus 
and minus signs standing for self-dual and anti-self-dual respectively. 



3 Forms 

3.1 General Method 

The allowed forms in a supergravity theory are the physical forms, their duals and any others 
that may be generated from this set. These typically include (D — 1)- and D-form potentials, 
but in superspace there can also be potential forms of degree greater than the dimension of 
spacetime. Indeed, this leads to an infinite set of forms and an algebraic structure which will be 
discussed shortly. 

In the half-maximal D = 3 case the physical bosons are the scalars which means that the 
dual field strengths are two-forms as we have discussed previously. The other forms can be 
constructed by examining all the possible Bianchi identities of the form 



dF, 



e+i 



E 

m+n= 






/\K 



n+l 



(3.1) 



Here, i denotes the degree of the corresponding potential form on the left-hand side, and all 
the forms appearing in (3.1) transform according to (in general, reducible) representations, 
TZi,TZm,Tln, of the duality group S0{8,n). The idea is that one starts with the two-forms and 
then proceeds step by step. For example, the Bianchi identities for the three-forms will have 
F2 A F2 on the right-hand side and can thus be in the representations 







— 


— 


«) 


— 













(3.2) 



There are two consistency requirements that constrain the possible forms. The first is that the 
Bianchi identities (3.1) have to be consistent, so applying d to the right-hand side must give 
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zero, and the second is that they must admit solutions. For example, for the three-forms, since 
dF2 = 0, it follows that all of the above representations obey the first requirement. However, 
it turns out that the Bianchi identity for the Weyl-tensor representation, i.e. the last one 
in (3.2), does not admit a solution and must therefore be discarded. We shall now give a 
simple cohomological argument to show that this is the only restriction of the second type in 
supergravity. If we rewrite (3.1) in the form 

Ie+2 = dFi^i — 2_^ Fm+i A Fn+i , (3.3) 

m+n=£ 

then the first consistency condition is 

d/^_i_2 = modulo lower degree Is . (3-4) 

Since we shall be solving the Bianchi identities sequentially, it follows that at a given level i we 
can assume that the lower level identities have been solved so that we can take the right-hand 
side of (3.4) to be zero. To analyse whether or not there will be any obstruction to solving the 
identities, given that the lower ones admit solutions, it will be useful to write any n-form as a 
sum of {p, q) forms, p + q = n, where p (q) denotes the number of even (odd) indices that the 
given component has. The dimension of the {p, q) component of a field strength is 1 — q/2 while 
the dimension of the {p, q) component of a Bianchi identity is 2 — q/2. In supergravity there are 
no fields with negative dimensions so this means that the lowest possible non-zero component 
(i.e. the one with the least number of odd indices) of i<)+i is -F)-i,2 while for the Bianchi identity 
Ii+2 it will be Ii-2,4:- When we write out (3.4) in terms of its (even, odd) components the lowest 
non-vanishing component will therefore read 

toIe-2A = , (3.5) 

where to is the component of d with bi-degrees (—1,2) which essentially corresponds to multi- 
plying a given form by the dimension-zero torsion, contracting one of the even indices with the 
vector index of the torsion and then symmetrising over all of the odd indices. (See the appendix 
for a more detailed exposition.) Since tQ = there are associated cohomology groups Hf''^ and 
for the case in hand it is known that these vanish for p > 0. Thus for i > 2 the solution to (3.5) 
will be the cohomologically trivial one 

Ie-2,4 = toJe-1,2 ■ (3.6) 

Now the explicit form of /^_2,4 is 

Ie-2,4 = *0-^^-l,2 + 2_^ {Fm+l A Fn+l)e-2,A , (3.7) 

m+n=£ 

and so (3.6) guarantees that the second term on the right-hand side is itself to exact. This means 
that setting Je-2,4 = allows one to solve for -F^_i,2 in terms of the components of the lower- 
degree -Fs up to a to exact term that can be absorbed by a redefinition of the potential Ai, where 
Fi^i = dAi + . . .. This argument can be repeated for the higher-dimensional components of Ie+2 
and then for the higher degree forms sequentially. We therefore conclude that the entire system 
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of Bianchi identities for the forms will be consistent provided that (3.4) is satisfied and that the 
Bianchi identities for F2 and F^ have been solved. The F2 solution was given previously. To see 
that there is a problem for F^ in the Weyl representation we note that that the dimension-zero 
component of the Bianchi identity is 

^0-^1, 2 = -^0,2 A Fo,2 • (3.8) 

When F2 A F2 is taken in the Weyl representation one can see that the right-hand side of 
this equation does not vanish and is certainly not to-6xact. Thus this representation must be 
excluded. 

The set of all forms together with their consistent Bianchi identities constitutes a Lie super 
co-algebra. We recall that this is a Z2-graded vector space A together with a linear map 
d : A ^ l\^A that squares to zero, where A denotes the graded antisymmetric tensor product. 
In our case there is also a Z-grading, 

-^ = ®£eZ, t>i^t = ^+ © ^~ (3.9) 

where Ai is the space of (£ + 1) field-strength forms, and where A'^ and A^ denote the even 
and odd parts corresponding to i even and H. odd respectively. 

In subsection 3.3 we shall discuss the structure of the Lie superalgebra which is dual to this 
co-algebra, but before that we give a more detailed exposition of the field-strength forms up to 
degree five. 

3.2 Example of a consistent Bianchi identity 

The Bianchi identity for the five-form field strength transforming under the ~ -representation 
of SO{S, n) is 

^p^[MNO],P ^ rn{F^[MNp^O]P^p^P[Mp^NO]^^^P[Mp^N p^O]Q^ 

6 + n 

+ p(F4^[^F2^«l - -^^nMp^N p^O\Q^ 

+ g(F4^^«QF/« + F/[^^qF2«1« - -^r?^[^F4^0]QHF2««) 

6 + n 

+ r^F.^'^O p^PQ + p^P[MN p^O]Q _ ^^nM p^NO^ p^QR^ 

+ siFr^^'W + F4^[^Q,^F2«l« + -^ry^[^(3F4^Q^,«l + F,^0]^^p^QR^ 

b + n 

+ t(F4^^^Qi?,^F2«^ + F4^[^^Q^,«lF2«^) 

+ u{Fr%RF^^^^^ + -^^^[^F3^QK5F3«]««^) 

+ n 

+ ^;(F3^^°yF3^^ - F3^[^^vF3«]^) (3.10) 

where M,N,0,P are 5*0(8, n) vector indices and m,p,..,v are real constants. If the Bianchi 
identity is consistent the constants can be chosen such that ddF^^ '' = 0. If this can be 
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done in n-ways the form is n-fold degenerate. If the coefficients cannot be chosen such that 
ddF^^^^^^'^ = the Bianchi identity is inconsistent and the form field transforming under this 
representation will not be a part of the form-field spectrum. 

If we take the exterior derivative of (3.10) we obtain terms of the form F^ A F2 A F2 where X 
indicates any one of the representations that the three forms transform under (these are listed 
in appendix E). The terms that are non-zero are those for which ~ is contained in the direct 

product X(8) n "X) n . The consistency of the Bianchi identity gives five equations involving the 
constants m,p...,v; they are soluble provided that 



2 6(2 + n) 

3 5(4 + n) 

Qn 

s = -2q + 2u -t 

^ 5(4 + n) 

1 3 

27m = -(4 + n)n + -(4 + n)t + 2i; 
o o 

3fe = 4t;-4r + s. (3.11) 

Using the cohomological argument given in the previous section we know that there exists a 
solution to this Bianchi identity since it is consistent. There are eight unknown constants in the 
Bianchi identity and four constraints. We can therefore conclude that five-forms transforming 
under the ~ -representation of SO{^,n) are allowed by supersymmetry and that there is a 

fourfold degeneracy. 

3.3 Form Fields 

We give the Bianchi identities for all two-, three-, and four-forms and for a few of the five-forms 
in the appendix E. The allowed form fields of degree > 4 and their degeneracies are derivable 
from group theory alone, but we have verified this explicitly for all four-forms and for five of 
the five-forms. The possible form fields of degree < 4 where first presented in [31] where a Kac- 
Moody approach was used. We have re-derived these results and extended them to include the 
five-forms assuming only supersymmetry. Some of the five-forms are non-zero in supergravity 
and are also needed in the complete gauged theory. Our results are presented in table 1. 

It is straightforward to construct the possible non-zero components of forms of any degree up to 
coefficients that can be determined by the Bianchi identites up to overall normalisation. These 
components can have dimension zero (two odd indices), one-half (one odd index) or one (no odd 
indices), so five- forms can only be non-zero at dimension zero, i.e. the ^3^2 components, while 
four-forms can have non-zero dimension- zero and one-half components, ^2,2 and F^^i respectively. 
Clearly forms with degree higher than five must be identically zero in supergravity. The possible 
non-zero components have scalars, spinors, or dimension-one fields times appropriate invariant 
tensors. 

As an example, consider the four-form in the adjoint representation; its non-zero components 
are 
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Form degree 


Allowed forms 


Form degree 


Allowed Forms 


2 


rn 


4 


rn 


-III 




U 
1 1 1 1 


3 


1 




1 1 1 


5 


J 

~ 2 ■ 


2. - 


^4. ^2. 


1 1 



Table 1: The S0(8,n) representations and their degeneracy for forms of degree < 5. 



^abaIl3J 



RS 



abcal 



RS 






(3.12) 



where a, h are real constants. The only non-zero component of the five-form in the adjoint 
representation is 



rp RS 

-^abcSIeJ 



iceabce&,{Y.'')ijV,''Vj'' , 



(3.13) 



for c another real constant. In general, a five- form will be zero unless the representation of 
S0{8,n) under which it transforms contains the adjoint representation of S0{8). 

4 Borcherds Algebra 

The form fields were first given an algebraic interpretation in [25] where a generator was associ- 
ated to each potential such that the Maurer-Cartan equation for the sum of all field strengths 
generates the field equations. Two years later a correspondence between toroidal compactifica- 
tions of M-theory and del Pezzo surfaces was found in [26] . Studying the cohomology of the del 
Pezzo surfaces the authors of [4] managed to extract the algebras found in [25]. These algebras 
are Borcherds algebras and a truncated set of their positive roots correspond to the generators 
of the potentials. The set of roots also contained information about the deformation and top 
form potentials. 

The discrepancy bewteen the fact that there are infinitely many positive roots while there are 
only finitely many form fields in supergravity can be resolved in superspace, where forms can 
have any degree since the odd basis forms commute. In supergravity there are no non-zero field- 
strength forms of degree greater than D + 2. However, these forms could in principle become 
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non-zero when we allow for corrections at order a'. In [13] it was shown that the form fields 
in type II A and IIB supergravity of degree larger than space-time are correctly encoded by 
Borcherds algebras. 

The form fields of half-maximal supergravities have previously been given by the authors of [31]. 
These were found by constructing the branching of an extended version of the duality group, 
Gd, called Gd~^~^~^, ^ with respect to SL{D,W) x Gd- This decomposition includes modules 
corresponding to all the physical states, the deformation- and top-form potentials, as well as 
other states that currently have no interpretation. The modules corresponding to the form fields 
forms a truncated algebra called the p-form algebra. However, in terms of the SL{D,M) x Gd 
decomposition of Gd^~^~^ the degree of the form fields will not exceed the space-time limit. 

4.1 The Borcherds algebras for half-maximal supergravity 

We saw in section 3.1 that the forms in a supergravity theory, provided that their Bianchi 
identities are consistent and soluble, form a Lie super co-algebra. The consistency conditions 
for the Bianchi identities encode the Jacobi identity for the dual Lie superalgebra. Since the 
forms can have arbitrarily high degrees, this algebra is infinite-dimensional. 

To find the Lie superalgebra dual to the co-algebra we shall make use of the techniques used 
in [32] to decompose Eiq in a level-by-level expansion. The form fields in supergravity should 
be in one-to-one correspondence with the positive roots of an infinite Lie superalgebra. We will 
make the assumption that a positive root of the Lie superalgebra can be written as 



a 



iao + '^m^aj , (4.1) 



where i, m^ are positive integers denoting the number of times the simple roots ao a-nd aj appear 
in a, and where i, which corresponds to the degree of the potential form in question, will be 
referred to as the level of the root. We label the generators associated to the simple roots =bao 
and ±Qj by bq (/q) and Cj (/»). In addition, there will be generators of the Cartan subalgebra 
(ho, hi). We will take the generators Cj and fi to be the generators of the duality group for 
reasons that will soon become clear, so that the index i runs from 1 to the rank of the duality 
group SO{8,n). The level of a generator is given by the number of times cq appears in its 
expression as a (multiple) commutator of level-one generators. The adjoint action of Cj on a 
generator does not alter its level so that all generators at a given level transform under a direct 
sum of representations of the duality group. 

The representations appearing at level i + 1 are contained in the product TZg ^ IZi, where 7^^ 
denotes the representations appearing at level i and IZi is the adjoint representation. Of the 
representations that do appear there will be one generator associated to its highest weight. This 
is most easily seen if one considers the generator /^ corresponding to the negative root —a. If 
adej(/ ) = 0, then / acts as a highest weight state for one of the representations appearing 
at level i. The weight of the state / is hi{f^) = pi, where pi is the Dynkin label for the 
representation. All generators that do not correspond to highest weight states are derivable 
from these by acting on / by ad fi. 

Determining the Cartan matrix A for the Lie superalgebra is rather trivial given the above 



Gd "'"'"'' refers to the very extension of the duahty group of the supergravity theory that has been dimensionaUy 
reduced to three dimensions. 
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assumption. A will be completely specified by analysing the Bianchi identities for the two- and 
three- form Bianchi identities. The first step to note is that all generators appearing at each level 
must, in order for the duality to work, transform under representations of 5*0(8,71,). If A has 
the form 



A 



^00 



Aoi 

Aij 



as suggested by (4.1) then Aij is the Cartan matrix for SO{8,n). To determine Aq^ we note 
that /o acts as a highest weight state for 50(8, n) at level one. The weight of this state is 
hi{fo) = —AiQ = Pi. The two- form field strength is in the adjoint representation with Dynkin 
labels (010... 0), hence we demand the generators at level one to transform under the same rep- 
resentation. We can therefore conclude that Aq^ = (0, —1,0, ...,0) and without loss of generality 
we can take Ai^ = A^i. 

To determine ^oo we will match the representations at level two in the roots to those appearing 
in the three-forms. The generators at level two are formed by commuting the generators at 
level one, and the representations that can appear at level two are therefore contained in the 
symmetric product 



(B^B). 



- 




+ 


- 



+ cn + i. 



(4.2) 



Aqq could take the values < —1, or 2; the roots corresponding to these values were given the 
following Dynkin diagrams in [4] 



o 


Bosonic real root of length 2 


® 


Bosonic imaginary root of length < 


• 


Fermionic "imaginary" root of length 1, Aqq 


= 


® 


Fermionic imaginary root of length < -1 



We will discuss the different nodes in turn. If Aqq < —1 then [/o,/o] is a generator at level 
two. Moreover, it would be a highest weight state of 50(8, n) since adej([/o, /o]) = 0. This 
generator would therefore give rise to the Weyl-tensor representation appearing at level two 
with weight /ij([/o, /o]) = (020. ..0). Going back to the form fields we see that this representation 
is not allowed by supersymmetry so we cannot choose Aqq = —1. If ^oo = 2 only the adjoint 
representation appears at level 3. Hence we are left with ^oo = 0. There are two type of nodes 
with length 0, bosonic or fermionic however cq need to be fermionic to reflect that the two forms 
commute, leaving us with the following Borcherds algebras 
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o — 6 oiD o — 6- 



Figure 1 . The Dynkin diagrams of the Borcherds algebras 
encoding the form field strengths 

The Dynkin diagrams in figure 1 correspond to the Borcherds algebras that encode the form 
field spectrum. When the duality group is 5*0(8, 2n — 1) the diagram to the left is relevant, 
while if the duality group is 50(8, 2n) the Dynkin diagram to the right should be used. We have 
verified that the above Borcherds algebras do indeed reproduce the representations in table 2. 
We have done this by using a generalisation of the result from [27], [28] that the p-form spectrum 
of E~^~^~^ is a truncated Borcherds algebra. The generalization given in [29] states that the level 
decomposition with respect to a fermionic simple root of length zero in a Borcherds algebra can 
be obtained by replacing the corresponding black node with an infinite chain of white nodes, 
corresponding to bosonic simple roots of length 2. The upshot of this is that we can use a 
computer program [30] to calculate the representations up to any level by adding appropriately 
many white nodes to a i?„ or Dn diagram to find the representation content at each level. The 
method of decoding the information of the Cartan matrices defined by the Dynkin diagrams 
in figure 1 is thus equivalent to the way the authors of [31] found the allowed form fields, the 
difference being that one adds more white nodes if one is interested in form fields of higher 
degree. The modules that do not go with totally antisymmetric tensors are not defined by the 
Bianchi identities. From this point of view they are objects appearing when one extracts the 
representation content at each level from the Borcherds algebra using a Kac-Moody algebra. 

The above analysis is not limited to three dimensions nor to the particular duality groups 
50(8, n). It will also be the case that Borcherds algebras are defined by the Bianchi identities in 
other supergravity theories. An example was given in [13] where type HA and IIB supergravity 
was analysed in a similar manner. 



5 Corrections at order a' 

In the presence of corrections of order a' some higher-degree forms can in principle have non-zero 
components. Forms with bi-degrees {p, 6) can have contributions of the form a' times scalars, 
while (p, 5)-forms can have contributions linear in A multiplied by a'. Here we shall focus on 
the latter as they are slightly easier to discuss. In principle this could be affected by neglecting 
the former, but for the non-trivial example to be discussed below it will turn out that there can 
be no such contribution. To simplify things we shall also consider only the case n = 1, i.e. the 
duality group is 50(8, 1). 

The Bianchi identities we need to consider have the form 

dFn = F2AFn^l + ... , (5.1) 
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where n = p + 5 for p = 0,1, 2, 3. In particular we shall focus on the case p = 1 and make the 
assumption that Fq^q = 0. The lowest non-trivial component of (5.1) that we are interested in 
has the form 

(1) (0) (1) 
*0 -^l,5=-fo,2-^0,5 ; (5-2) 

since no other terms can contribute at order a' . Here, the superscripts indicate the order of 
a' in the given terms. As a first example, let us consider the case when the six-form is in the 
adjoint representation. The Bianchi identity is 

dFi^^ = F^^^F^K + ... . (5.3) 

We can now use the scalar matrix to rewrite this equation in an S0{9>) x SO{l) basis. For the 
term we are interested in this will be valid provided that there is no scalar contribution in -Fo,6- 
We therefore find a term 

ioF{,5 = i^of2^0,5, , (5.4) 

where here, and below, we omit the order superscripts as it should be clear from the context 
which ones are meant. This is the only term that can appear on the right because -Fo,5 has an 
odd number of unprimed Spin{8) indices, so that we need an odd number of external vector 
indices in order to be able to find a linear A term. The F2 term is 

The i<o^5 term must contain the spinor A^ , and since the five odd indices are totally symmetric, 
it follows that the Spin{8) indices must be in the Young tableau arrangement — ^. This 
decomposes into the following representations 

(0210) + (0030) + (0110) + (0010) . (5.6) 

We need to multiply these by the additional vector index, or (1000), and then look for possible 
(OOOl)s which could correspond to the spinor field A. There is just one possibility and that 
comes from the (0010) representation in (5.6). Before we examine the right-hand side it is 
necessary to check whether this possibility is trivial in the sense that it could be removed by a 
field redefinition of the potential A[ 3. Consider the sequence 

^2,1 ^ ^1,3 ^ ^0,5 1 (5-7) 

where fi* denotes the space of (p, g')-forms with an additional vector index i. If the element we 
are interested in is the image of to acting on fi^ 3 then it can be removed by a field redefinition. 
Now there is just one possible A term in r22 1, namely 



(7abS*A)) 



al 
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while there are two possible A terms in ^\^, as one can see by a little group-theoretical analysis. 
(In this case there are two possible arrangements of the Lorentz spinor indices due to the 
additional Lorentz vector index, so the Spin{8) indices can be in the tableaux H^ or i i i i .) 
One of these must therefore be to exact, so the second one must map to f^Q 5. If this were not 
the case, this element would have to be in the cohomology group H^ ' , but this is zero. The 
conclusion of this analysis is that there are no non-trivial A terms in the six- forms in the adjoint 
representation. 

It turns out that a similar situation obtains for the six-forms in the smallest representations of 
S0{8, 1), i.e. ((0000), (0100), (1000), (2000) and (0010), so that the first representation that can 
provide a non-trivial solution is in the four-form representation of 5*0(8, 1), i.e. (0002). 

The Bianchi identity is 



dF, 



MNPQ 



6 



pRS r^MNPQ, 

-^2-^5 RS + ■■■ , 



(5.8) 



where -F5 on the right is in the 



representation. Projecting onto S0{8) indices, we find that 



there are two possible 5*0(8) representations for F5 on the right-hand side that can contain A 

and - , or (0111) and either (1020) or (1002) in terms of 50(8) 



given by the tableaux 



Dynkin labels. It turns out that both the latter cannot contain any non-trivial A terms and so 
can be discarded. The relevant term in the Bianchi identity is therefore 



4. rpijk _ Tplmrpijk, 



(5.9) 



The analysis goes in the same way as the previous example. The Spin{8) indices on Fq^^ are 



again in the — -^ tableau, while the additional 50(8) indices are in the representation (0111). 



We find there are two possible A terms but that one of them is to exact and so can be removed 
by a field redefinition. So the question is whether this term, when multiplied by -Fo,2) becomes 
to exact. To answer this consider the sequence 



"3,1 



to. 



"2,3 



to, 



"1,5 



to. 



"0,7 • 



(5.10) 



It is straightforward to find the number of possible A terms that can occur in each space. We 
find 1, 3, 4 and 2 such terms in each space starting from the left. Since there is no to cohomology 



7-0,7 



except perhaps for H^' , we can immediately see that there can be two non-trivial A terms in 



-,ijk 



ijk 



F^ 5 and therefore both of the A terms in the (0, 7) form, Jqj say, are in fact in the image of to. 



r0,7,ijk 



In other words, -ff ^ ' restricted to the representation (0001) vanishes. As we have seen there 



are two possible A terms in F^-'^ 'i^ and these give rise to the two A terms in Jqj . 



In fact, the 



Spin{8) spinor indices for Jqj (A) must be in the tableau 



^ which can be rewritten as 



+ (0310) + (0130) . 



(5.11) 



When one tensors this with the representation (0011) one finds that the last two representations 
cannot give rise to a A, whereas the first gives rise to two possibilities of this type. Clearly 
these correspond to the two we have identified earlier in Fq^ ';„. So there is a single non-trivial 
solution to this Bianchi identity. 
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It is not difficult to see that this conclusion cannot be affected by a possible scalar term in 
Fofi on the left. This could give a term of the form di-Fge ' Projected onto an SO{8) 
basis. In order to have a Lorentz scalar in Fq^q the Spin{8) indices would have to be in the 
tableau, but the four S0{8, 1) indices, which are totally antisymmetric, give rise to at 



least three antisymmetrised indices when broken down to 50(8) representations and therefore 
a scalar term cannot be accommodated because they would need to be contracted with three 
antisymmetrised indices coming from the odd form indices. 



6 Conclusions 

In this paper we have used supergeometrical methods to analyse various D = 3,N = 8 theories 
starting from the superspace constraints that correspond to off-shell conformal supergavity. 
The Poincare theories were constructed using standard coset methods for the sigma models 
(6*0(8) X SO{n)\SO{8,n). The constraints were modified to incorporate general gaugings and 
it was noted that this can only be done if one uses the non- minimal conformal constraints. 

In the rest of the paper we focused on the algebraic structure of the ungauged Poincare theories. 
The set of all possible forms with consistent, soluble Bianchi identities were shown to define a 
Lie super co-algebra and we were able to identify the dual Lie algebra with the positive sector of 
Borcherds algebras formed by adding a single odd root to the root system of the duality algebra 
S0(8,n). The analysis is made extremely simple by the use of superspace cohomology which 
one can use to show that the consistent Bianchi identities for all forms with degree greater than 
three are automatically satisfied. We were also able to relate the forms constructed in this way 
with those of infinitely extended Lie algebras. 

In a superspace setting the field strength forms can be non-zero in supergravity up to degree 
five, and we indicated how the Bianchi identities can be solved for such forms. In the presence 
of a' corrections one might expect that higher-degree forms might be turned on and we gave 
a simple example of this for certain six-forms. It should be emphasised, however, that this is 
only a very partial analysis. In principle we should go back to the beginning and solve all of 
the Bianchi identities sequentially and we are not guaranteed a priori that this can be done. 
Were it to be the case that this system of forms is not consistent in the presence of higher-order 
corrections then it would mean that the Borcherds algebra picture would be restricted to the 
supergravity limit. 

A final comment on corrections is that, in A^ = 1, D = 10 supergravity, it is well-known that there 
are a' corrections to the Bianchi identities for the three- forms. These are required for anomaly 
cancellations, but such considerations should not be important in three dimensions. However, 
they are possible on dimensional grounds and should they occur they would also interfere with 
the algebraic structure. It should not be too difficult to compute all the corrections at order a'. 
Such a computation, although lengthy, would be a useful thing to carry out in order to check 
whether the algebraic picture given here survives at this order. 
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Appendices 



A Spacetime coventions 



The metric is 7]ab = diag(— 1, 1, 1). The epsilon tensor is defined so that eoi2 = +1- The dual of 
a one-form Va is Vab ■= Sabcv" so that Va = -^Sabcv'"'- 

The gamma-matrices with indices in standard position are {'^°')a ■ They obey the algebra 
lalb = flab + lab, where Jab = £abcY- We also have -^abc = £abc for the totally antisymmetrised 
product of three gamma-matrices. Spinor indices are lowered or raised with the spin "metrics" 
Sai3 and s"'^ which we take to have the same numerical entries, i.e. £12 = s^'^ = +1. The 
summation convention is NE-SW, i.e. f" = e°^^vp and Va = v^e^a. The matrices 7a (and jab) 
with both spinor indices down (or up) are symmetric. 

A vector can be written as a symmetric bi-spinor via 

VaP = --;^{la)aliVa ^ Va = {jaT^Vafi ■ (A.l) 

For any two spinors il), x and any gamma-matrix F we define the tensorial bilinear to be 

V^Fx := rr/x/3 • (A.2) 

B Conventions for 50(8) and 50(8,71) 



50(8) vector indices are i,j,... = 1 ... 8, unprimed Weyl spinor indices are I,J,... = 1 ... 8 
and primed Weyl spinor indices are /', J', . . . = 1 . . . 8. These correspond to the representations 
(1000), (0010) and (0001), respectively. The metrics for each three spaces are fiat euclidean, so 
it is not important to distinguish between upper and lower indices. 

The basic sigma-matrices are (Sj)/j/ and (Sj)j//. We shall take Sj = (Sj)-^ and not bother to 
write out the tildes since it will be clear from the context which is meant. Sigma-matrices with 
two or more indices are antisymmetrised products of the basic ones as usual. 

Sigma-matrices with an even number of vector indices are bi-spinors of a fixed chirality. S2 give 
a basis of antisymmetric 8x8 matrices while (1, E4) give basis of symmetric matrices. We shall 
take (Sjj...J4)/j to be self-dual while S4 with primed indices is anti-self-dual. 



For an arbitrary matrix Mjj we have 
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n=2 



n=0 



where 

M^,...^,^ ■■= ^(S,,...,,J^-^M,j , (B.2) 

except for n = 4 when there is an extra factor of ^ on the right-hand side. The matrix So is 
5ij. The formula for primed indices is identical. 

The bilinears that can be formed from the spinor field A*" r, in the text are the Lorentz scalars 



B = AA := A"^'''A„/v 
Bij...i4 = ASJJ...J4A := A" ''^'{^ii...i4)i'j'^aj'r 1 (B.3) 

and the spacetime vectors 

Aaij = AS,,,,7,A := A"^''-(S,,-)/'J'(7a)a^A/3J'r (B.4) 

Vector indices for SO{S, n) are denoted by R, S, etc, while those for SO{n) are r, s, etc. Indices 
for the adjoint representation are denoted by X,Y, etc, so that X = [RS]. The metric is 
VRS = i^ij7 —^rs), and indices are raised and lowered using this metric, including rjrs for SO{n) 
indices. 



C Borcherds algebras 

The definition of a Borcherds (or generalised Kac-Moody) (super)-algebra starts with a gener- 
alised symmetric Cartan matrix, (ajj), i.j = 1 . . . A^, where some subset of the indices can be 
odd, which is non-degenerate and for which the following rules hold. The diagonal elements an 
(no sum) can be positive, negative or zero, while the off-diagonal elements, ajj, i 7^ j, are less 
or equal to zero. In the case that an > 0, then -^ G Z, V?', while if i is also odd ^ € Z, V?'. 

The Borcherds algebra A associated with (aij) is then determined by 3N generators {/ii, Cj, /j}, 
i = 1 . . . N, satisfying the following conditions: 



[hi,hj] 


= 






(C.l) 


[hi,ej] 


= ttijCj, [hi,fj] = -aijej, 


hJ) 


] = Sijhi 


(C.2) 


(adcj) "" Cj 


= 0, for an > and i j^ j 






(C.3) 


[ei,ej] 


= when Ojj = , 






(C.4) 
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with the last two conditions remaining vahd if Cj, ej are replaced by fi, fj. The generators hi 
are even, and the generator fi is even or odd if e^ is. If an > the integer — ^ is negative, and 
if i is odd, it is also even. 

In a Borcherds algebra there is still a triangular decomposition of the form A = N~ © % ® A/"^, 
and it is still possible to define roots as in the Kac-Moody case. Furthermore, if an > 0, the 
algebra generated by {/j, /ij, Cj} for i even, or by these together with [/j, /«] and [cj, Cj] when i is 
odd, are isomorphic to 5 [(2) or 0Sp(l|2), respectively, and the algebra can be decomposed into 
finite dimensional representations of these (super) algebras. When an < 0, one has the same 
algebras but the Borcherds algebra contains infinite-dimensional representations of them. In 
the case that an = 0, the sub-algebra generated by {fi,hi,ei} is isomorphic to the Heisenberg 
(super)algebra. 

In the case of the Borcherds algebras encountered in half-maximal D = 3 super gravities the 
standard forms for the Cartan matrices associated with the duality sub-algebras are not sym- 
metric. However, they can be made so by multiplying them by appropriate diagnoal matrices 
in such a way as to ensure that the above conditions are valid. 



D Superspace cohomology 

Since the tangent bundle splits into even and odd parts it is possible to split the space of n-forms 
into spaces of {p, g)-forms, p + q = n, where a {p, q) form has p even and q odd indices: 

where, in this appendix, spinor indices run from 1 to 32. The exterior derivative splits into four 
terms with different bidegrees: 

d = do + di+tQ + ti , (D.2) 

where the bidegrees are (1,0), (0, 1), (— 1, 2) and (2,-1) respectively. The first two, do and di, 
are essentially even and odd differential operators, while the other two are algebraic operators 
formed with the dimension-zero and dimension three-halves torsion respectively. In particular, 

(i0^p,(?)a2...ap/3i.../3q « r(/3i/32"'^ai|a2...ap|/33.../3q+2) • (D-3) 

The equation d^ = splits into various parts according to their bidegrees amongst which one 
has 



(to)' = (D.4) 

todi + dito = (D.5) 

dj + todo + doto = . (D.6) 

The first of these enables us the define the cohomology groups Hf''^, the space of to-closed 
(p, g) -forms modulo the exact ones [36]. The other two then allow one to define the spinorial 
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cohomology groups Hg , but we shall not need these in this paper. In ten and eleven dimensions 
these cohomology groups are related to spaces of pure spinors and pure spinor cohomology 
respectively [37, 38, 39]. 

In D = 3, A^ = 16 supergravity the dimension-zero torsion is given in equation (2.1). The 
associated to turns out to have trivial cohomology for p > 1, a. result that greatly simplifies 
the problem of finding solutions to the differential form Bianchi identities. It can be derived by 
dimensional reduction from D = W [40] cohomology. It has also been discussed using different 
techniques in [41, 42]. 



E Bianchi identities 



E.l Two Forms 



dF^l^^l = 



(E.l) 



E.2 Three Forms 



dFs 

dp^lMNOP] 



F2OPF2 
plMNpOP] 



8 + n 



F20PF2 



(E.2) 



E.3 Four Forms 



dp^lMNOP] ^ p^[MNO p^P]Q 



^p^[MNO],P ^ ^p^P[Mp^NO] 



6 + n 



PlMp^N^p^O]Q^ 



4 D + n 

6 



dp^[MNOPQ],R ^ p^[MNOPp^Q]R _^ p^R[MNOp^PQ] _^ ^R\M p_NOP ^.p_Q]\ 

4 + n 



E.4 Five Forms 



(E.3) 



dp^WN] = aF4[^QF2^]« + 6F4[^qF2 



N\Q 



+ cF,^%qF2'''^ + hF,^^p,QF,PQ 

+ /F3^qF3^«+5F3^pq^F3^^«« 



(E.4) 
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Constraints 



54 4(5 + n) ^ , ^^ 
-a — 3o /i + 6/ 



6 + n 6 + n 

162 3(10 + n), , , 

-a + 3c+-^ r-^h + 6g = (E.5) 



6 + n 6 + n) 



^^^[PQRSTC/] ^ ^^^[pQRs^^Tf/]^.^^[PQR^^^SrC/] 



y 



Constraints 



+ j(i^4[^'5^^^VF2^'']+F4V'[^«^^'^F2^1^) (E.6) 



^ + 2^ - ^^,J = (E.7) 

5(5 + n) 



dF^[MNO],P ^ o{F^[MNp^O]P^p^P[Mp^NO]^^^P[Mp^N p^O]Q^ 

6 + n 

b + n 

+ 9(F4^^«qF/« + F4^[^^^qF2«1« - -^r?^[^F4^«]QKF2«^) 

o + n 

+ r(F4^^«'QF/« + F4^[^^'qF2«]« - -^ry^[^F4^«lQ,pF2«^) 

D + n 

+ s{Fr%^V^ + F4^[^Q,^F2«1« + -^r?^[^(3F4^Qp,«l + F4^^]q,p)F2«^) 

+ t(F4^^«QH,^F2«^ + F4^[^^QP,«lF2««) 

b + n 
+ t;(F3^^«yF3^^ - F3^[^^vF3«]^) (E.8) 



Constraints 



2 6(2 + n) 
'^-r+5(4T^* 

-2g + 2n. ^^ 



5(4 + n) 

- 4 + n 
5 

3A: = Av-Ar + s. (E.9) 



1 3 

27o = -(4 + n)u + -(4 + n)t + 2t; 
3 5 



dp^{MNO),P ^ p(F^(MNp^O)P 



- ^(2r,^(^F4^QF2«)« - r,(^^(F4«)QF/« + fJ%F2^^''))) 

+ g(i-/Q(^'^QF2«)« 

- ^^^(2r/^(^F4Q«^'«)F2«« - ^(^^(F4Q««)'^F2«« + F4q^I^I'«)F2«^))) 

+ r(F3(^^F3«)^ - :^y^F3^[^^vF3^]^) (E.IO) 

2(6 + n) 
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Constraints 



P 



(E.ll) 



Constraints 



+ 



(4 + n)(5 + n)^Q^^^ ^^ ' ' 
+ i ((.-^4' [Q +-^4[Q j-f'2 '_R] 

- (I^%((^4 JT + F4' T, ') 

^(^r,[^r;^(F4«^V,v^ - F4,;^«.^1)F,«^) 



)i^2i?f 



+ 



Vf O p [MAfO N p P\V 

QRV, - ^r [Q\V\,R])^2 



+ ^((^4 v\Q + ^A [Q\V\, )^2R] 

I ( P [MAT O 



- ry[^(i^4^%]^y,^l + F4^^^Vy,ij)F/^ 
(4 + n)(5 + n) ^ 



K 



(E.12) 



^ 4^ 3 , 3 (lO + n, 

-r--S--A + — -^ ^A = 

3 2 10 4 + n 

^ ^ 1 , 3 (10 + 2n) , 

r + s + -A -^ ^A = 

2 10 4 + n 



(E.13) 
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1 Introduction 

Rigid symmetry groups play an important role in maximal supergravity theories in various di- 
mensions [1]. In particular, m D = 3, this group is -Eg [2], the largest finite such group. The 
scalars in this theory live in the coset S0{16)\Es, where the R-symmetry group 5*0(16) is local, 
and in fact the theory is essentially a sigma model because there are no purely gravitational de- 
grees of freedom. In superspace this sigma model induces a super-geometry which was described 
in some detail in [3] . The rigid symmetry group plays a crucial role in the construction of the 
additional field strength form fields and also facilitates the gauging of the theory. In addition 
these forms are associated with extended algebraic structures in maximal supergravity theories 
including Borcherds algebras [4, 5] and En [6, 7, 8]. 

There is also an interesting set of theories that have half-maximal supersymmetry. In D = 3 
there are a number of half- maximal supergravities with sigma models of the form (5*0(8) x 
S'0(n))\S'0(8,n) that were first introduced in [2] and further studied in [9]. The forms in these 
models have been discussed in [10] while the gauged versions were studied in [11, 12]. 

In this paper we study these half-maximal theories in a superspace setting, starting, as in the 
maximal case, from the off-shell superconformal geometry. We then describe how one needs to 
specify the fields that appear in this geometry in terms of the physical sigma model fields in order 
to obtain the on-shell Poincare supergravity theory. An interesting feature of this geometry is 
that the local symmetry group is bigger that the R-symmetry group 50(8) because the SO{n) 
curvature has to be included. We also study the gauging in this geometrical setting. A feature 
here is that, although the off-shell superconformal geometry is special in A^ = 8 because one can 
impose a duality constraint on the dimension-one scalars, it turns out that this is not sufficient 
in the gauged case and that one needs to keep both dualities. 

We then go on to study the form fields in these theories using only supersymmetry and the 
bosonic symmetries of the Poincare theory. Assuming that the forms fall into representations of 
50(8, n) and demanding that the Bianchi identities be consistent we can classify the possible 
forms that can arise. For potentials up to the spacetime limit, i.e. field strength p-forms with 
p = 2,3,4, we find agreement with the results of [10], as one would expect. We then find 
all the allowed five-forms. Such forms can have non-vanishing dimension-zero components in 
supergravity and so need to be classified in order to find the complete theory. They can also 
play a role in the gauge hierarchy [13] although we shall not discuss this topic in detail here. 
The interested reader can find a superspace discussion for the maximal case in [3]. We do not 
solve all of the Bianchi identities for the forms but we do give some examples of solutions. 

The allowed degrees of the forms are naturally truncated in spacetime, but can increase without 
limit in superspace because the odd basis forms commute. Form fields beyond the spacetime 
limit were discussed for maximal theories in D = 10 in [14]. There it was shown that the degrees 
of the forms can indeed be increased without limit and that these forms transform under the 
representations that one would expect from the Borcherds algebra point of view [4, 15]. In a 
sense this is quite satisfying because to get the full Borcherds algebra one needs all of the forms, 
whereas the spacetime approach inevitably leads to a truncated picture. More generally, one 
can show that the set of field-strength forms that satisfy consistent Bianchi identities gives rise 
to a Lie super co-algebra. The forms transform under representations of the duality group (here 
50(8,n)) and there is a further constraint on the allowed representations that arises from the 
requirement that the Bianchi identities be not only consistent but also allow solutions. In the 
half-maximal D = ?> case it turns out, for cohomological reasons, that there is only one such 



constraint; it restricts the allowed three- form field strengths. All the higher-degree forms are 
then determined by the consistency of the Bianchi identities. This final constraint restricts the 
algebraic structure and one can show that the dual Lie superalgebra can be identified with the 
positive sector of a Borcherds algebra, i.e. it is spanned by the elements of the algebra that 
correspond to the positive roots. This set of roots is generated by the positive simple roots of 
50(8,n) together with an extra odd root. 

The field-strength forms with degree greater that D + 2 are trivially zero in the supergravity 
limit, so that one would like to see if any of them could become non-zero if one includes string 
corrections. In maximal supergravity such corrections start at a'^ and are consequently not 
easy to analyse. On the other hand, in the half-maximal I? = 3 theories, one might expect 
there to be corrections starting at order a' . We investigate this possibility here by looking at a 
subset of the possible six-forms that can arise and give some evidence that one can indeed find 
some non-vanishing six-form components that are compatible with at least some of the Bianchi 
identities. This result gives us confidence that forms beyond the spacetime limit are indeed 
physically significant when one takes higher-order corrections into account. 

The organisation of the paper is as follows: in section 2 we describe the geometrical set-up 
and review the off-shell superconformal constraints for iV-extended supergravity in D = 3. In 
section 3 we introduce the 5*0(8, n) sigma model in the context of this supergravity background 
and show how the latter can accommodate it by making appropriate identifications. We also 
introduce the vector fields that transform under the adjoint representation of 5*0(8,71,). We 
briefly discuss the deformation of the geometry due to gauging via the modified Maurer-Cartan 
equation and show that both dualities of the dimension-one scalar superfield are required for this 
to work. In section 4 we turn our attention to the additional form fields. As well as the duals to 
the scalars (two-form field strengths) there are three-, four- and five-forms whose potentials have 
no physical degrees of freedom, and higher-degree forms whose field strengths are identically zero 
in supergravity. We discuss the Lie super co-algebra associated with these forms and argue that 
the dual Lie superalgebra is the positive sector of a Borcherds algebra. In section 5 we identify 
some possible six-forms in the theory and show that some of them can be non-zero when order 
a' corrections are switched on. Our conclusions are given in section 6. 



2 Geometry 

2.1 Conformal constraints 

For iV-extended supersymmetry we consider a supermanifold M with (even|odd)-dimension 
(3|2A^). The basic structure is determined by a choice of odd tangent bundle Ti such that the 
Frobenius tensor, which maps pairs of sections of Ti to the even tangent bundle, Tq, generates 
the latter. We shall also suppose that there is a preferred basis E^i, a = 1,2; i = 1,...A^ 
for Ti such that the components of the Frobenius tensor, which we shall also refer to as the 
dimension-zero torsion, are 

T„,/3/ = -i<5,,(7")a/3 ; c = 0, 1, 2 . (2.1) 

At this stage Tq is defined as the quotient, T/Ti, but we can make a definite choice for Tq by 
imposing some suitable dimension one-half constraint. When this has been done, the structure 
group will be reduced to SL{2,W.) x SO{N), with the Lorentz vector indices being acted on by 



the local 50(1,2) associated with SL(2,M.). The dimension-zero torsion (2.1) is also invariant 
under local Weyl rescalings, although we shall not include this factor in the structure group. 
This indicates that we can expect to find a conformal multiplet. With respect to this structure 
we have preferred basis vector fields Ea = {Ea,Ea) = {Ea,Eai) with dual one- forms E = 
{E"'^E-) = (£'",£'"*), the latter being related to the coordinate basis forms dz^ = {dx"^,dO^) 
by the supervielbein matrix Em , i-e. E = dz^ Em ■ Here, coordinate indices are taken from 
the middle of the alphabet, preferred basis indices from the beginning, while even (odd) indices 
are latin and greek respectively. Underlined odd indices run from 1 to 2N, and SO{N) vector 
indices are denoted i,j etc. 

We now introduce a set of connection one- forms, il^ , for the above structure group. We have 



na' = -(7aV^/3"- (2.2) 

Spinor indices a, /3 are raised and lowered by the epsilon tensor, while Lorentz and SO{N) vector 
indices are raised by the corresponding metrics r]ab,Sij. We have ^a/s = ^(Sa while Qab and Qij 
are antisymmetric. The torsion and curvature are defined in the usual way 

T^ = DE^ := dE^ + E^Qb^ 
Ra^ = dftA^ + flA^ftc^ . (2.3) 

The Bianchi identities are 

DT^ = E^RbA 
DRa^ = . (2.4) 

Equation (2.1) does not simply determine the structure group, it is also a constraint. With an 
appropriate choice of dimension one-half connections and of Tq, and making use of the dimension 
one-half Bianchi identity, one finds that all components of the dimension one-half torsion may 
be set to zero: 

T«^^ = Ta/ = . (2.5) 

Imposing further conventional constraints corresponding to the dimension-one connection com- 
ponents we find that the dimension-one torsion can be chosen to have the form 

Tab' = 

TapP"" = ija)p^K,'^ + i7%^W , (2.6) 



where Kij is symmetric and Labij is antisymmetric on both pairs of indices. The dimension-one 
curvatures are 



Rai(5j,cd = —'ii{7cd)al3Kij — liEapLcdij 

RaiPjM = 'i'£al3iMijkl + 4:5[i[kKj^]) - i{j"-)ai3{4:6(^i[kLaj)l]- 6ijLakl) , (2.7) 

where Lab = ^abcL'^i and Mij^i is totally antisymmetric. This geometry describes an ofF-shell 
superconformal multiplet [16]. The interpretation of the dimension-one fields, K,L,M, is as 
follows. The geometry is determined by the basic constraint (2.1) which is invariant under Weyl 
rescalings where the parameter is an unconstrained scalar superfield. This means that some of 
the fields that appear in the geometry do not belong to the conformal supergravity multiplet. 
At dimension one K and L are of this type, so that we could set them to zero if we were only 
interested in the superconformal multiplet. The field Mijki, on the other hand, can be considered 
as the field strength superfield for the conformal supergravity multiplet [16]. ""^ The fact that M 
is not expressible in terms of the torsion is due to a lacuna in Dragon's theorem [18, 19] which 
in higher-dimensional spacetimes states that the curvature is so determined [20]. We recall 
that in three-dimensional spacetime there is no Weyl tensor but that its place is taken by the 
dimension-three Cotton tensor. This turns out to be a component of the superfield Mj^^; so that 
we could refer to the latter as the super Cotton tensor. Using the notation [k, I] to denote fields 
that have k antisymmetrised SO{N) indices and I symmetrised spinor indices, one can see that 
the component fields of the superconformal multiplet fall into two sequences starting from Mijki- 
The first has fields of the type [4 — p,p], where the top ([4, 0]) component is the supersymmetric 
Cotton tensor, while the second has fields of the type (4 + p,p) and therefore includes higher 
spin fields for N > 8. There is also a second scalar [4, 0] at dimension two. Fields with two or 
more spinor indices obey covariant conservation conditions so that each field in the multiplet 
has two degrees of freedom multiplied by the dimension of the SO{N) representation, provided 
that we count the dimension-one and -two scalars together. It is easy to see that the number of 
bosonic and fermionic degrees of freedom in this multiplet match. 

2.2 The N = 8 case 

The case A^ = 8 is special for two reasons. Firstly, it is possible to impose a self-duality constraint 
on the superfield Miji^i that reduces the size of the conformal supergravity multiplet to 128 + 128. 
The fields are the graviton, 8 gravitini, the 5*0(8) gauge fields, the dimension-one scalars Mijki, 
a matching dimension-two set with opposite duality and 56 dimension three-halves spinor fields 
(three-index antisymmetric field Xaijk)- The second feature is that it is possible in this case 
to take the R-symmetry group to be Spin{8) rather than 5*0(8). It turns out that this is the 
correct choice in order to describe the Poincare theories, and so we shall switch to this for the 
remainder of the paper. We denote the spinor indices by I,J,... ((0010) representation) and 
I'. J' . . . ((0001) representation), while we keep i,j, . . . for the vector representation (1000). All 
three types of index can take 8 values. So for A^ = 8 we shall take the basis odd one- forms to 
be E""^ , and in the above formulae replace all the small internal indices by capital ones. Thus 
the non-zero components of the torsion are, at dimension zero 

Taipf = -i6iji-/'')a^ ; c = 0, 1, 2 , (2.8) 



^This was discussed explicitly in for the case of A'^ = 8 in [17]. 



and, at dimension one, 

Ta(,J^'' = {la)p''Kj^ + {^')p'^L,,j^ . (2.9) 

The dimension-one curvatures are 

RaIl3J,cd = —'^i{lcd)al3Kij — liEa^LcdlJ 
RaIl3J,KL = i£al3{MijKL + 4.6iiiKKj]L])-i{l"')al3{^\llKLaJ)L]-^IjLaKL) , (2.10) 

The field Mjjkl can be self- or anti-self-dual; in the former this is the representation (2000), i.e. 
a symmetric traceless second-rank tensor, while in the second case the representation is (0002) 
which is the anti-self-dual fourth-rank tensor. 

The other components of the curvature and torsion can be derived straightforwardly from here, 
although we shall not give the details in this paper. 

For the conformal case, the dimension three-halves Bianchi identities were solved explicitly in 
[18], while a detailed discussion of the N = 8 case has been given in [19]. 

2.3 The on-shell Poincare theory 

As the graviton and the gravitino carry no physical degrees of freedom in on-shell Poincare 
supergravity in D = 3, it is necessary to introduce matter fields in order to get a non-trivial 
theory. For A^ = 16 this takes the form of a supersymmetric sigma model based on the coset 
SO{16)\Es while for N = 8 there is a series of such models that make use of the cosets (5*0(8) x 
SO{n))\SO{8,n). Notice this implies that the local R-symmetry group will be enlarged by the 
SO{n) factor and hence that there will be a corresponding additional curvature tensor in the 
geometry. We shall denote 5*0(8,71,) vector indices by R,S,... and SO{n) vector indices by 
r,s..., so R = {i,r) where i is an 50(8) vector index as before. We take the generators of 
so(8,n), Mrs = -Msr, to satisfy 

[Mrs, M^^] = -45[r[^M5]^1 (2.11) 

Written out with respect to the S0(8) ©so(n) decomposition this is 

[Mij,M''^] = -4(5[J'^Mj-/l 

[Mrs,M'^] = -4,5[,[*M,]"1 

[M,,-,M'=n = -2(5[>M,f 

[Mrs,M'''] = 2,5[/M,]'= 

[Mir,Mjs] = -7]ijMrs-7]rsMij . (2.12) 

The 50(8, n) metric is tjrs = {5ij, —Srs)- 



The sigma model field V is an element of 5*0(8, n) that depends on the superspace coordinates. 
It is acted on to the right by S0{8, n) and to the left by the local SO{S) x SO{n) and therefore 
corresponds to an {SO{S) x S0{n))\S0{8,n) sigma model superfield. The Maurer-Cartan form 
is 

^ ■= dVV~^ := P + Q , (2.13) 

where Q = ^Q,^^ Mij + ^Q'^'^Mrs, ^^^ being the SO(n) connection and where P = P^^Mir takes 
its values in the quotient algebra. From the Maurer-Cartan equation (vanishing SO{8,n) cur- 
vature), d^ + ^'^ = 0, we find 



DP = (2.14) 

R = -p2 , (2.15) 

where R := ^R^^Mij + ^R^'^Mrs is the S0(8) ©5o(n) curvature, while D is the corresponding 
covariant exterior derivative. In indices, the above equations are 

2D[aPb]+Tab^Pc = (2.16) 

Rab = [Pa,Pb] ■ (2.17) 

The dimension of the sigma model coset is 8n, so we need an equal number of fermions for 
supersymmetry. To ensure this we impose a constraint on the dimension one-half component of 
P. We set 

Pi^j = i{T.^)ij:Kj, , (2.18) 

where A^j, describes the 8n physical one-half fields. The dimension-one component of (3.4) is 
then satisfied if 

D^ik'pj, = i(7«),^(E,)/j'Pr . (2.19) 

We can think of Pai as essentially the spacetime derivative of the physical scalar fields. In order 
to see this more explicitly, it is perhaps useful to look at the linearised limit. In the physical 
gauge we can put V = exp((j)'^^ Mir) where (/>*'" denotes the 8n scalars. If we now keep only terms 
linear in the fields we find 



DalA'/SJ' = ^(7")a/3(S.),J,Pr = ^(7")a/3(S.)/J'9„</.- , (2.20) 

where Dai here is now the usual supercovariant derivative in flat superspace. It follows from 
(2.20) that, in the linearised limit, both (/>*'' and A^j, satisfy free field equations of motion. To see 
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this explicitly one needs to apply another spinorial derivative to the second of these equations 
and use the supersymmetry algebra to find the Dirac equation. The scalar equation then follows 
from this by applying another derivative. 

It is now easy to compute the dimension-one curvature and torsion in terms of the sigma model 
fields and to verify that they can be slotted into the superconformal geometry. We find 



Kij = '-5uB:='-6ijKA 

LalJ = UT.'^)l.jAaij:=UT.'^)l.jk-1a^ijk 
o o 

MijKL = ^i^'niA^'')KLB^jki := ^(S*^)/j(S^VlAS,,hA , (2.21) 

where, on the right-hand-side, the spacetime and internal spinor indices are contracted in 
the natural way (see appendix). The internal SO{n) vector indices are contracted with 'qrs- 
These formulae determine the non-zero dimension-one torsion and curvature components. The 
dimension-one component of the SO{n) curvature is 

Raipj,Ts = 2{-i'')^p5uKlaK - -eap{^'^)ijK^ijK ■ (2.22) 

Notice that Mjjkl is in the representation (0002) (because A carries a primed spinor index), so 
that it is anti-self-dual. 

Equations (2.21) and (2.22) show that the geometry is determined in terms of the matter fields, 
and so the full non-linear equations of motion for the physical fields can be derived from the 
above set of equations by supersymmetry. As the details of the higher-dimensional torsion and 
curvature components and the equations of motion are rather similar to the maximal case we 
shall not give them here, but refer the interested reader to [3] where this discussion is given. 

2.4 Vector fields 

In section three we shall describe the various p-form fields that can arise in the theory. However, 
in order to understand the gauged geometry we shall only need the two-form field strengths. 
These should transform according to a representation of the duality group 50(8, n) and by Hodge 
duality there should be the same number of them as there are scalars. This is accomplished by 
taking the vector fields to transform under the adjoint representation of 5*0(8,71,). It will turn 
out that 8n of the field strengths are essentially duals of the field strengths for the scalars at 
dimension one while the others are composite. In the ungauged theory the Bianchi identities for 
the two-forms are abelian, 

^pRS ^ Q _ (^2.23) 

It is not difficult to solve for the components of F in terms of the physical fields. We denote 
the components of the scalar field matrix V in the fundamental representation by 

-R — i^/R -ir R 



^R = {Vi . Vr) ■ (2-24) 



Then the components of F are 



F^,' = e,,-(2Pf y,[«y,^i + ^Aj/y,^F/ - 2i^-K«F/) . (2.25) 

The biUnear (in A) Aaij is defined in (2.21) above, while Aars '■= ^rja-^s- Notice that this 
equation shows that the dimension-one component of F contains the 8n scalar field strengths 
P^^ as required. 

2.5 Gauging 

Supergravity theories are gauged with the aid of the embedding tensor. The D = 3 half-maximal 
gauged theories were discussed in [11, 12].^ In Z) = 3 in the maximal theory, with Eg, duality 
group, the embedding tensor is a projector in the adjoint representation [22, 23], which in that 
case coincides with the fundamental. In the half-maximal case we can use a similar approach, 
that is, we can take the embedding tensor £x^ to be a projector in the adjoint representation, 
X = [RS]. This matrix, when the second index is lowered, is symmetric and projects onto the 
Lie algebra of the gauge group Qq. There is an additional constraint that follows because £ 
should be invariant under gauge transformations; this is 

Sx""' £iY^' fz)X'Y' = , (2.26) 

where fxYZ denotes the S0(8, n) structure constants. 

The gauged theory has a local gauge group Go, embedded in G = S0{8,n) as described above, 
and we can also use a formalism in which the local 5*0(8) x SO{n) symmetry is maintained. 
Thus the formalism appears G-covariant, but in fact is not due to the presence of the embedding 
tensor. 

The discussion is best approached via the gauged Maurer-Cartan form [24] (see [25] for the 
superspace version) which can be written 

$ = VVV'^ = P + Q , (2.27) 

where P is a gauge-covariant derivative (for Go) that acts on the Eg index carried by V^^, i.e. 
the superscript. The gauged Maurer-Cartan equation, which follows directly from (2.27), is 

R + DP + P^ = gF:=gVFV-^ . (2.28) 

Here, 5 is a constant with dimensions of mass which characterises the deformation and D is 
covariant with respect to both S'0(8) x SO{n) and Go. The theory has both of these groups as 
local symmetries, but the rigid SO{8,n) is broken. The technique we shall use in the following 
analysis is to work with S0{8) x SO{n) indices, so that the gauge group is hidden from view. 



For gaugings of half-maximal theories in general dimensions, see, for example [21] 



The original geometrical constraint in superspace (2.1), i.e. taking the dimension-zero torsion 
to be the same as in flat space, together with the allowed conventional constraints, leads to the 
dimension-one torsion and curvatures given in equations (2.9) and (??). Since the deformation 
parameter g has dimension one it follows that we can expect changes to the tensors Kij,Laij 
and MjjKL- These can only be proportional to g multiplied by functions of the scalars and so 
Laij must be unchanged. This leaves K and M. 

To implement the gauging explicitly we first need to solve for the two-form field strength. This 
should be projected along Qq which leads us to propose that it should have the form 



r 



X 



Yc X 



F'Sy 



(2.29) 



It is easy to see, using the fact that T>£x^ = 0, that the Bianchi identity for T^ will be solved 
if we take the components of F to have the same form as in the ungauged case. In fact, the 
only (7-dependence could be at dimension one, but since this component of -F is a spacetime 
two-form this cannot arise. At dimension one we therefore find 



tRS 



lEr 



,{J:'^)jjV/VI'£tu, 



RS 



(2.30) 



where we have replaced the adjoint indices on £ by pairs of antisymmetrised vector indices. 
Using this and (2.28) we find that the deformations of the dimension-one geometrical tensors 
due to gauging have the form 



RaIl3J,kl(9) 

RaII3J,rs{g) 

DaI-^(5Jkr{g) 



geai3i'^^^)ljfij,kl 
geai3i'^^^)ljfij,rs 
gea(5{^^-')ljfij,kr 



(2.31) 



where the functions / are defined by 



fRS,fu ■=Vr ^s ^t % £rs,tu 



(2.32) 



Since £xy is symmetric the representations that it contains are four-index antisymmetric, two- 
index symmetric traceless, a singlet and a tensor with the symmetries of the Weyl tensor. In 
Young tableaux. 





® 




/ sym 


— 



(2.33) 



(2.34) 

If the Weyl tensor representation were non-zero, then there would be a contribution of the same 
symmetry type to fij^ki which cannot be accommodated in M or K. So this representation 
must be absent, and there is therefore an extra constraint on £. There are no problems with 
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any of the other representations but there is an interesting point concerning the 35-diniensional 
representations that appear in fij^ki- In fact, ah three can occur: the anti-self-dual four-form 
will deform Mjjkl while the self-dual four- form will deform the traceless part of Kij. The 
symmetric traceless 35 in fij^ku then modifies the self-dual part of Mjjkl- Thus, in the generic 
gauged theory, it is not possible to impose the duality constraint on the iV = 8 superconformal 
multiplet. 

Explicitly, we find that the deformations of the dimension-one scalar functions are given by 



Kij 

MijKL 



g{6ufo + (S^^'^O/j/ftl) 

9{{'^^^ )lj'fijkr + {^^)lj'fir) , 



(2.35) 



where the functions on the right are in the irreducible representations indicated, with the plus 
and minus signs standing for self-dual and anti-self-dual respectively. 



3 Forms 

3.1 General Method 

The allowed forms in a supergravity theory are the physical forms, their duals and any others 
that may be generated from this set. These typically include (D — 1)- and D-form potentials, 
but in superspace there can also be potential forms of degree greater than the dimension of 
spacetime. Indeed, this leads to an infinite set of forms and an algebraic structure which will be 
discussed shortly. 

In the half-maximal D = 3 case the physical bosons are the scalars which means that the 
dual field strengths are two-forms as we have discussed previously. The other forms can be 
constructed by examining all the possible Bianchi identities of the form 



dF, 



e+i 



E 

m+n= 






/\K 



n+l 



(3.1) 



Here, i denotes the degree of the corresponding potential form on the left-hand side, and all 
the forms appearing in (3.1) transform according to (in general, reducible) representations, 
TZi,TZm,Tln, of the duality group S0{8,n). The idea is that one starts with the two-forms and 
then proceeds step by step. For example, the Bianchi identities for the three-forms will have 
F2 A F2 on the right-hand side and can thus be in the representations 







— 


— 


«) 


— 













(3.2) 



There are two consistency requirements that constrain the possible forms. The first is that the 
Bianchi identities (3.1) have to be consistent, so applying d to the right-hand side must give 
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zero, and the second is that they must admit solutions. For example, for the three-forms, since 
dF2 = 0, it follows that all of the above representations obey the first requirement. However, 
it turns out that the Bianchi identity for the Weyl-tensor representation, i.e. the last one 
in (3.2), does not admit a solution and must therefore be discarded. We shall now give a 
simple cohomological argument to show that this is the only restriction of the second type in 
supergravity. If we rewrite (3.1) in the form 

Ie+2 = dFi^i — 2_^ Fm+i A Fn+i , (3.3) 

m+n=£ 

then the first consistency condition is 

d/^_i_2 = modulo lower degree Is . (3-4) 

Since we shall be solving the Bianchi identities sequentially, it follows that at a given level i we 
can assume that the lower level identities have been solved so that we can take the right-hand 
side of (3.4) to be zero. To analyse whether or not there will be any obstruction to solving the 
identities, given that the lower ones admit solutions, it will be useful to write any n-form as a 
sum of {p, q) forms, p + q = n, where p (q) denotes the number of even (odd) indices that the 
given component has. The dimension of the {p, q) component of a field strength is 1 — q/2 while 
the dimension of the {p, q) component of a Bianchi identity is 2 — q/2. In supergravity there are 
no fields with negative dimensions so this means that the lowest possible non-zero component 
(i.e. the one with the least number of odd indices) of i<)+i is -F)-i,2 while for the Bianchi identity 
Ii+2 it will be Ii-2,4:- When we write out (3.4) in terms of its (even, odd) components the lowest 
non-vanishing component will therefore read 

toIe-2A = , (3.5) 

where to is the component of d with bi-degrees (—1,2) which essentially corresponds to multi- 
plying a given form by the dimension-zero torsion, contracting one of the even indices with the 
vector index of the torsion and then symmetrising over all of the odd indices. (See the appendix 
for a more detailed exposition.) Since tQ = there are associated cohomology groups Hf''^ and 
for the case in hand it is known that these vanish for p > 0. Thus for i > 2 the solution to (3.5) 
will be the cohomologically trivial one 

Ie-2,4 = toJe-1,2 ■ (3.6) 

Now the explicit form of /^_2,4 is 

Ie-2,4 = *0-^^-l,2 + 2_^ {Fm+l A Fn+l)e-2,A , (3.7) 

m+n=£ 

and so (3.6) guarantees that the second term on the right-hand side is itself to exact. This means 
that setting Je-2,4 = allows one to solve for -F^_i,2 in terms of the components of the lower- 
degree -Fs up to a to exact term that can be absorbed by a redefinition of the potential Ai, where 
Fi^i = dAi + . . .. This argument can be repeated for the higher-dimensional components of Ie+2 
and then for the higher degree forms sequentially. We therefore conclude that the entire system 
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of Bianchi identities for the forms will be consistent provided that (3.4) is satisfied and that the 
Bianchi identities for F2 and F^ have been solved. The F2 solution was given previously. To see 
that there is a problem for F^ in the Weyl representation we note that that the dimension-zero 
component of the Bianchi identity is 

io-^1,2 = -^0,2 A Fo,2 • (3.8) 

When F2 A F2 is taken in the Weyl representation one can see that the right-hand side of 
this equation does not vanish and is certainly not to-exact. Thus this representation must be 
excluded. 

The set of all forms together with their consistent Bianchi identities constitutes a Lie super 
co-algebra. We recall that this is a Z2-graded vector space A together with a linear map 
d : A ^ f\^A which extends to a degree-one graded derivation of the graded exterior algebra 
A*^ and which squares to zero, where A denotes the graded antisymmetric tensor product. In 
our case there is also a Z-grading, 

•^ = ®£eZ, i>A^ = ^+ e ^~ (3.9) 

where Ai is the space of (£ + 1) field-strength forms, and where A'^ and A~ denote the even 
and odd parts corresponding to i even and H. odd respectively. 

In subsection 3.3 we shall discuss the structure of the Lie superalgebra which is dual to this 
co-algebra, but before that we give a more detailed exposition of the field-strength forms up to 
degree five. 

3.2 Example of a consistent Bianchi identity 

The Bianchi identity for the five-form field strength transforming under the ~ -representation 
of 50 (8, n) is 



6 + n 
+ p(F4^[^F2^«l - -^^nMp^N p^O\Q^ 

b + n 

+ r(F4^^0'QF/« + F4^[^^'qF2«]« - -^ry^[^F4^«lQ,^F2'3^) 

6 + n 

+ s{Fr%:'^F2^'' + F4^[^Q,^F2«1« + -^r?^[^(3F4^Q^,«l + F4^0]q,^)F2«^) 

b + n 



+ n(F3[^^Q^F3«]^«^ + ^v''^'^F,%nsF,^^Q''') 

b + n 

+ v{F,^''''yF/^-F/^^\F,o^^) (3.10) 
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where M,N,0,P are 50(8, n) vector indices and ■m,p,..,v are real constants. If the Bianchi 
identity is consistent the constants can be chosen such that ddF^^'^^^''^ = 0. If this can be 
done in n-ways the form is n-fold degenerate. If the coefficients cannot be chosen such that 
ddF^^^^^''^ = the Bianchi identity is inconsistent and the form field transforming under this 
representation will not be a part of the form-field spectrum. 

If we take the exterior derivative of (3.10) we obtain terms of the form F^ A F2 A F2 where X 
indicates any one of the representations that the three forms transform under (these are listed 
in appendix E). The terms that are non-zero are those for which ~ is contained in the direct 

product X^ n (g) n . The consistency of the Bianchi identity gives five equations involving the 
constants m,p...,v; they are soluble provided that 



2 6(2 + n) 

3 5(4 + n) 

6n 

s = -2q + 2u- — -t 

5(4 + n) 

1 3 

27m = -{4 + n)u + -{4 + n)t + 2v 
o o 

3p = 4t;-4r + s. (3.11) 

Using the cohomological argument given in the previous section we know that there exists a 
solution to this Bianchi identity since it is consistent. There are eight unknown constants in the 
Bianchi identity and four constraints. We can therefore conclude that five-forms transforming 
under the ~ -representation of SO{8,n) are allowed by supersymmetry and that there is a 

fourfold degeneracy. 

3.3 Form Fields 

We give the Bianchi identities for all two-, three-, and four-forms and for a few of the five-forms 
in the appendix E. The allowed form fields of degree > 4 and their degeneracies are derivable 
from group theory alone, but we have verified this explicitly for all four-forms and for five of 
the five-forms. The possible form fields of degree < 4 where first presented in [33] where a Kac- 
Moody approach was used. We have re-derived these results and extended them to include the 
five-forms assuming only supersymmetry. Some of the five-forms are non-zero in supergravity 
and are also needed in the complete gauged theory. Our results are presented in table 1. 

It is straightforward to construct the possible non-zero components of forms of any degree up to 
coefficients that can be determined by the Bianchi identites up to overall normalisation. These 
components can have dimension zero (two odd indices), one-half (one odd index) or one (no odd 
indices), so five- forms can only be non-zero at dimension zero, i.e. the -F3^2 components, while 
four-forms can have non-zero dimension-zero and one-half components, i<2,2 and F^^i respectively. 
Clearly forms with degree higher than five must be identically zero in supergravity. The possible 
non-zero components have scalars, spinors, or dimension-one fields times appropriate invariant 
tensors. 

As an example, consider the four-form in the adjoint representation; its non-zero components 
are 



14 



Form degree 


Allowed forms 


Form degree 


Allowed Forms 


2 


rn 


4 


rn 


-III 




U 
1 1 1 1 


3 


1 




1 1 1 


5 


J 

~ 2 ■ 


2. - 


^4. ^2. 


1 1 



Table 1: The S0(8,n) representations and their degeneracy for forms of degree < 5. 



^abaIl3J 



RS 



abcal 



RS 






(3.12) 



where a, h are real constants. The only non-zero component of the five-form in the adjoint 
representation is 



rp RS 

-^abcSIeJ 



iceabce&,{Y.'')ijV,''Vj'' , 



(3.13) 



for c another real constant. In general, a five- form will be zero unless the representation of 
S0{8,n) under which it transforms contains the adjoint representation of S0{8). 

4 Borcherds Algebra 

The form fields were first given an algebraic interpretation in [27] where a generator was associ- 
ated to each potential such that the Maurer-Cartan equation for the sum of all field strengths 
generates the field equations. Two years later a correspondence between toroidal compactifica- 
tions of M-theory and del Pezzo surfaces was found in [28] . Studying the cohomology of the del 
Pezzo surfaces the authors of [4] managed to extract the algebras found in [27]. These algebras 
are Borcherds algebras and a truncated set of their positive roots correspond to the generators 
of the potentials. The set of roots also contained information about the deformation and top 
form potentials. 

The discrepancy bewteen the fact that there are infinitely many positive roots while there are 
only finitely many form fields in supergravity can be resolved in superspace, where forms can 
have any degree since the odd basis forms commute. In supergravity there are no non-zero field- 
strength forms of degree greater than D + 2. However, these forms could in principle become 
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non-zero when we allow for corrections at order a'. In [14] it was shown that the form fields 
in type II A and IIB supergravity of degree larger than space-time are correctly encoded by 
Borcherds algebras. 

The form fields of half-maximal supergravities have previously been given by the authors of [33]. 
These were found by constructing the branching of an extended version of the duality group, 
Gd, called Gd~^~^~^, "^ with respect to SL{D,W) x Gd- This decomposition includes modules 
corresponding to all the physical states, the deformation- and top-form potentials, as well as 
other states that currently have no interpretation. The modules corresponding to the form fields 
forms a truncated algebra called the p-form algebra. However, in terms of the SL{D,M) x Gd 
decomposition of Gd^~^~^ the degree of the form fields will not exceed the space-time limit. 

4.1 The Borcherds algebras for half-maximal supergravity 

We saw in section 3.1 that the forms in a supergravity theory, provided that their Bianchi 
identities are consistent and soluble, form a Lie super co-algebra. The consistency conditions 
for the Bianchi identities encode the Jacobi identity for the dual Lie superalgebra. Since the 
forms can have arbitrarily high degrees, this algebra is infinite-dimensional. 

To find the Lie superalgebra dual to the co-algebra we shall make use of the techniques used 
in [34] to decompose Eiq in a level-by-level expansion. The form fields in supergravity should 
be in one-to-one correspondence with the positive roots of an infinite Lie superalgebra. We will 
make the assumption that a positive root of the Lie superalgebra can be written as 



a 



iao + '^m^aj , (4.1) 



where i, m^ are positive integers denoting the number of times the simple roots ao a-nd aj appear 
in a, and where i, which corresponds to the degree of the potential form in question, will be 
referred to as the level of the root. We label the generators associated to the simple roots =bao 
and ±Qj by bq (/q) and Cj (/»). In addition, there will be generators of the Cartan subalgebra 
(ho, hi). We will take the generators Cj and fi to be the generators of the duality group for 
reasons that will soon become clear, so that the index i runs from 1 to the rank of the duality 
group SO{8,n). The level of a generator is given by the number of times cq appears in its 
expression as a (multiple) commutator of level-one generators. The adjoint action of Cj on a 
generator does not alter its level so that all generators at a given level transform under a direct 
sum of representations of the duality group. 

The representations appearing at level i + 1 are contained in the product TZg ^ IZi, where 7^^ 
denotes the representations appearing at level i and IZi is the adjoint representation. Of the 
representations that do appear there will be one generator associated to its highest weight. This 
is most easily seen if one considers the generator /^ corresponding to the negative root —a. If 
adej(/ ) = 0, then / acts as a highest weight state for one of the representations appearing 
at level i. The weight of the state / is hi{f^) = pi, where pi is the Dynkin label for the 
representation. All generators that do not correspond to highest weight states are derivable 
from these by acting on / by ad fi. 

Determining the Cartan matrix A for the Lie superalgebra is rather trivial given the above 



Gd "'"'"'' refers to the very extension of the duahty group of the supergravity theory that has been dimensionaUy 
reduced to three dimensions. 
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assumption. A will be completely specified by analysing the Bianchi identities for the two- and 
three- form Bianchi identities. The first step to note is that all generators appearing at each level 
must, in order for the duality to work, transform under representations of 5*0(8,71,). If A has 
the form 



A 



^00 



Aoi 

Aij 



as suggested by (4.1) then Aij is the Cartan matrix for SO{8,n). To determine Aq^ we note 
that /o acts as a highest weight state for 50(8, n) at level one. The weight of this state is 
hi{fo) = —AiQ = Pi. The two- form field strength is in the adjoint representation with Dynkin 
labels (010... 0), hence we demand the generators at level one to transform under the same rep- 
resentation. We can therefore conclude that Aq^ = (0, —1,0, ...,0) and without loss of generality 
we can take Ai^ = A^i. 

To determine ^oo we will match the representations at level two in the roots to those appearing 
in the three-forms. The generators at level two are formed by commuting the generators at 
level one, and the representations that can appear at level two are therefore contained in the 
symmetric product 



(B^B). 



- 




+ 


- 



+ cn + i. 



(4.2) 



Aqq could take the values < —1, or 2; the roots corresponding to these values were given the 
following Dynkin diagrams in [4] 



o 


Bosonic real root of length 2 


® 


Bosonic imaginary root of length < 


• 


Fermionic "imaginary" root of length 1, Aqq 


= 


® 


Fermionic imaginary root of length < -1 



We will discuss the different nodes in turn. If Aqq < —1 then [/o,/o] is a generator at level 
two. Moreover, it would be a highest weight state of 50(8, n) since adej([/o, /o]) = 0. This 
generator would therefore give rise to the Weyl-tensor representation appearing at level two 
with weight /ij([/o, /o]) = (020. ..0). Going back to the form fields we see that this representation 
is not allowed by supersymmetry so we cannot choose Aqq = —1. If ^oo = 2 only the adjoint 
representation appears at level 3. Hence we are left with ^oo = 0. There are two type of nodes 
with length 0, bosonic or fermionic however cq need to be fermionic to reflect that the two forms 
commute, leaving us with the following Borcherds algebras 
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o — 6 oiD o — 6- 



Figure 1 . The Dynkin diagrams of the Borcherds algebras 
encoding the form field strengths 

The Dynkin diagrams in figure 1 correspond to the Borcherds algebras that encode the form 
field spectrum. When the duality group is 5*0(8, 2n — 1) the diagram to the left is relevant, 
while if the duality group is 50(8, 2n) the Dynkin diagram to the right should be used. We have 
verified that the above Borcherds algebras do indeed reproduce the representations in table 2. 
We have done this by using a generalisation of the result from [29], [30] that the p-form spectrum 
of E~^~^~^ is a truncated Borcherds algebra. The generalization given in [31] states that the level 
decomposition with respect to a fermionic simple root of length zero in a Borcherds algebra can 
be obtained by replacing the corresponding black node with an infinite chain of white nodes, 
corresponding to bosonic simple roots of length 2. The upshot of this is that we can use a 
computer program [32] to calculate the representations up to any level by adding appropriately 
many white nodes to a i?„ or Dn diagram to find the representation content at each level. The 
method of decoding the information of the Cartan matrices defined by the Dynkin diagrams 
in figure 1 is thus equivalent to the way the authors of [33] found the allowed form fields, the 
difference being that one adds more white nodes if one is interested in form fields of higher 
degree. The modules that do not go with totally antisymmetric tensors are not defined by the 
Bianchi identities. From this point of view they are objects appearing when one extracts the 
representation content at each level from the Borcherds algebra using a Kac-Moody algebra. 

The above analysis is not limited to three dimensions nor to the particular duality groups 
50(8, n). It will also be the case that Borcherds algebras are defined by the Bianchi identities in 
other supergravity theories. An example was given in [14] where type HA and IIB supergravity 
was analysed in a similar manner. 



5 Corrections at order a' 

In the presence of corrections of order a' some higher-degree forms can in principle have non-zero 
components. Forms with bi-degrees {p, 6) can have contributions of the form a' times scalars, 
while (p, 5)-forms can have contributions linear in A multiplied by a'. Here we shall focus on 
the latter as they are slightly easier to discuss. In principle this could be affected by neglecting 
the former, but for the non-trivial example to be discussed below it will turn out that there can 
be no such contribution. To simplify things we shall also consider only the case n = 1, i.e. the 
duality group is 50(8, 1). 

The Bianchi identities we need to consider have the form 

dFn = F2AFn^l + ... , (5.1) 
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where n = p + 5 for p = 0,1, 2, 3. In particular we shall focus on the case p = 1 and make the 
assumption that Fq^q = 0. The lowest non-trivial component of (5.1) that we are interested in 
has the form 

(1) (0) (1) 
*0 -^l,5=-fo,2-^0,5 ; (5-2) 

since no other terms can contribute at order a' . Here, the superscripts indicate the order of 
a' in the given terms. As a first example, let us consider the case when the six-form is in the 
adjoint representation. The Bianchi identity is 

dFi^^ = F^^^F^K + ... . (5.3) 

We can now use the scalar matrix to rewrite this equation in an S0{9>) x SO{l) basis. For the 
term we are interested in this will be valid provided that there is no scalar contribution in -Fo,6- 
We therefore find a term 

ioF{,5 = i^of2^0,5, , (5.4) 

where here, and below, we omit the order superscripts as it should be clear from the context 
which ones are meant. This is the only term that can appear on the right because -Fo,5 has an 
odd number of unprimed Spin{8) indices, so that we need an odd number of external vector 
indices in order to be able to find a linear A term. The F2 term is 

The i<o^5 term must contain the spinor A^ , and since the five odd indices are totally symmetric, 
it follows that the Spin{8) indices must be in the Young tableau arrangement — ^. This 
decomposes into the following representations 

(0210) + (0030) + (0110) + (0010) . (5.6) 

We need to multiply these by the additional vector index, or (1000), and then look for possible 
(OOOl)s which could correspond to the spinor field A. There is just one possibility and that 
comes from the (0010) representation in (5.6). Before we examine the right-hand side it is 
necessary to check whether this possibility is trivial in the sense that it could be removed by a 
field redefinition of the potential A[ 3. Consider the sequence 

^2,1 ^ ^1,3 ^ ^0,5 1 (5-7) 

where fi* denotes the space of (p, g')-forms with an additional vector index i. If the element we 
are interested in is the image of to acting on fi^ 3 then it can be removed by a field redefinition. 
Now there is just one possible A term in r22 1, namely 



(7abS*A)) 



al 



19 



while there are two possible A terms in ^\^, as one can see by a little group-theoretical analysis. 
(In this case there are two possible arrangements of the Lorentz spinor indices due to the 
additional Lorentz vector index, so the Spin{8) indices can be in the tableaux H^ or i i i i .) 
One of these must therefore be to exact, so the second one must map to f^Q 5. If this were not 
the case, this element would have to be in the cohomology group H^ ' , but this is zero. The 
conclusion of this analysis is that there are no non-trivial A terms in the six- forms in the adjoint 
representation. 

It turns out that a similar situation obtains for the six-forms in the smallest representations of 
S0{8, 1), i.e. ((0000), (0100), (1000), (2000) and (0010), so that the first representation that can 
provide a non-trivial solution is in the four-form representation of 5*0(8, 1), i.e. (0002). 

The Bianchi identity is 



dF, 



MNPQ 



6 



pRS r^MNPQ, 

-^2-^5 RS + ■■■ , 



(5.8) 



where -F5 on the right is in the 



representation. Projecting onto S0{8) indices, we find that 



there are two possible 5*0(8) representations for F5 on the right-hand side that can contain A 

and - , or (0111) and either (1020) or (1002) in terms of 50(8) 



given by the tableaux 



Dynkin labels. It turns out that both the latter cannot contain any non-trivial A terms and so 
can be discarded. The relevant term in the Bianchi identity is therefore 



4. rpijk _ Tplmrpijk, 



(5.9) 



The analysis goes in the same way as the previous example. The Spin{8) indices on Fq^^ are 



again in the — -^ tableau, while the additional 50(8) indices are in the representation (0111). 



We find there are two possible A terms but that one of them is to exact and so can be removed 
by a field redefinition. So the question is whether this term, when multiplied by -Fo,2) becomes 
to exact. To answer this consider the sequence 



"3,1 



to. 



"2,3 



to, 



"1,5 



to. 



"0,7 • 



(5.10) 



It is straightforward to find the number of possible A terms that can occur in each space. We 
find 1, 3, 4 and 2 such terms in each space starting from the left. Since there is no to cohomology 



7-0,7 



except perhaps for H^' , we can immediately see that there can be two non-trivial A terms in 



-,ijk 



ijk 



F^ 5 and therefore both of the A terms in the (0, 7) form, Jqj say, are in fact in the image of to. 



r0,7,ijk 



In other words, -ff ^ ' restricted to the representation (0001) vanishes. As we have seen there 



are two possible A terms in F^-'^ 'i^ and these give rise to the two A terms in Jqj . 



In fact, the 



Spin{8) spinor indices for Jqj (A) must be in the tableau 



^ which can be rewritten as 



+ (0310) + (0130) . 



(5.11) 



When one tensors this with the representation (0011) one finds that the last two representations 
cannot give rise to a A, whereas the first gives rise to two possibilities of this type. Clearly 
these correspond to the two we have identified earlier in Fq^ ';„. So there is a single non-trivial 
solution to this Bianchi identity. 
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It is not difficult to see that this conclusion cannot be affected by a possible scalar term in 
Fofi on the left. This could give a term of the form di-Fge ' Projected onto an SO{8) 
basis. In order to have a Lorentz scalar in Fq^q the Spin{8) indices would have to be in the 
tableau, but the four S0{8, 1) indices, which are totally antisymmetric, give rise to at 



least three antisymmetrised indices when broken down to 50(8) representations and therefore 
a scalar term cannot be accommodated because they would need to be contracted with three 
antisymmetrised indices coming from the odd form indices. 



6 Conclusions 

In this paper we have used supergeometrical methods to analyse various D = 3,N = 8 theories 
starting from the superspace constraints that correspond to off-shell conformal supergavity. 
The Poincare theories were constructed using standard coset methods for the sigma models 
(6*0(8) X SO{n)\SO{8,n). The constraints were modified to incorporate general gaugings and 
it was noted that this can only be done if one uses the non- minimal conformal constraints. 

In the rest of the paper we focused on the algebraic structure of the ungauged Poincare theories. 
The set of all possible forms with consistent, soluble Bianchi identities were shown to define a 
Lie super co-algebra and we were able to identify the dual Lie algebra with the positive sector of 
Borcherds algebras formed by adding a single odd root to the root system of the duality algebra 
S0(8,n). The analysis is made extremely simple by the use of superspace cohomology which 
one can use to show that the consistent Bianchi identities for all forms with degree greater than 
three are automatically satisfied. We were also able to relate the forms constructed in this way 
with those of infinitely extended Lie algebras. 

In a superspace setting the field strength forms can be non-zero in supergravity up to degree 
five, and we indicated how the Bianchi identities can be solved for such forms. In the presence 
of a' corrections one might expect that higher-degree forms might be turned on and we gave 
a simple example of this for certain six-forms. It should be emphasised, however, that this is 
only a very partial analysis. In principle we should go back to the beginning and solve all of 
the Bianchi identities sequentially and we are not guaranteed a priori that this can be done. 
Were it to be the case that this system of forms is not consistent in the presence of higher-order 
corrections then it would mean that the Borcherds algebra picture would be restricted to the 
supergravity limit. 

A final comment on corrections is that, in A^ = 1, D = 10 supergravity, it is well-known that there 
are a' corrections to the Bianchi identities for the three- forms. These are required for anomaly 
cancellations, but such considerations should not be important in three dimensions. However, 
they are possible on dimensional grounds and should they occur they would also interfere with 
the algebraic structure. It should not be too difficult to compute all the corrections at order a'. 
Such a computation, although lengthy, would be a useful thing to carry out in order to check 
whether the algebraic picture given here survives at this order. 
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Appendices 



A Spacetime coventions 



The metric is 7]ab = diag(— 1, 1, 1). The epsilon tensor is defined so that eoi2 = +1- The dual of 
a one-form Va is Vab ■= Sabcv" so that Va = -^Sabcv'"'- 

The gamma-matrices with indices in standard position are {'^°')a ■ They obey the algebra 
lalb = flab + lab, where Jab = £abcY- We also have -^abc = £abc for the totally antisymmetrised 
product of three gamma-matrices. Spinor indices are lowered or raised with the spin "metrics" 
Sai3 and s"'^ which we take to have the same numerical entries, i.e. £12 = s^'^ = +1. The 
summation convention is NE-SW, i.e. f" = e°^^vp and Va = v^e^a. The matrices 7a (and jab) 
with both spinor indices down (or up) are symmetric. 

A vector can be written as a symmetric bi-spinor via 

VaP = --;^{la)aliVa ^ Va = {jaT^Vafi ■ (A.l) 

For any two spinors il), x and any gamma-matrix F we define the tensorial bilinear to be 

V^Fx := rr/x/3 • (A.2) 

B Conventions for 50(8) and 50(8,71) 



50(8) vector indices are i,j,... = 1 ... 8, unprimed Weyl spinor indices are I,J,... = 1 ... 8 
and primed Weyl spinor indices are /', J', . . . = 1 . . . 8. These correspond to the representations 
(1000), (0010) and (0001), respectively. The metrics for each three spaces are fiat euclidean, so 
it is not important to distinguish between upper and lower indices. 

The basic sigma-matrices are (Sj)/j/ and (Sj)j//. We shall take Sj = (Sj)-^ and not bother to 
write out the tildes since it will be clear from the context which is meant. Sigma-matrices with 
two or more indices are antisymmetrised products of the basic ones as usual. 

Sigma-matrices with an even number of vector indices are bi-spinors of a fixed chirality. S2 give 
a basis of antisymmetric 8x8 matrices while (1, E4) give basis of symmetric matrices. We shall 
take (Sjj...J4)/j to be self-dual while S4 with primed indices is anti-self-dual. 



For an arbitrary matrix Mjj we have 
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n=2 



n=0 



where 

M^,...^,^ ■■= ^(S,,...,,J^-^M,j , (B.2) 

except for n = 4 when there is an extra factor of ^ on the right-hand side. The matrix So is 
5ij. The formula for primed indices is identical. 

The bilinears that can be formed from the spinor field A*" r, in the text are the Lorentz scalars 



B = AA := A"^'''A„/v 
Bij...i4 = ASJJ...J4A := A" ''^'{^ii...i4)i'j'^aj'r 1 (B.3) 

and the spacetime vectors 

Aaij = AS,,,,7,A := A"^''-(S,,-)/'J'(7a)a^A/3J'r (B.4) 

Vector indices for SO{S, n) are denoted by R, S, etc, while those for SO{n) are r, s, etc. Indices 
for the adjoint representation are denoted by X,Y, etc, so that X = [RS]. The metric is 
VRS = i^ij7 —^rs), and indices are raised and lowered using this metric, including rjrs for SO{n) 
indices. 



C Borcherds algebras 

The definition of a Borcherds (or generalised Kac-Moody) (super)-algebra starts with a gener- 
alised symmetric Cartan matrix, (ajj), i.j = 1 . . . A^, where some subset of the indices can be 
odd, which is non-degenerate and for which the following rules hold. The diagonal elements an 
(no sum) can be positive, negative or zero, while the off-diagonal elements, ajj, i 7^ j, are less 
or equal to zero. In the case that an > 0, then -^ G Z, V?', while if i is also odd ^ € Z, V?'. 

The Borcherds algebra A associated with (aij) is then determined by 3N generators {/ii, Cj, /j}, 
i = 1 . . . N, satisfying the following conditions: 



[hi,hj] 


= 






(C.l) 


[hi,ej] 


= ttijCj, [hi,fj] = -aijej, 


hJ) 


] = Sijhi 


(C.2) 


(adcj) "" Cj 


= 0, for an > and i j^ j 






(C.3) 


[ei,ej] 


= when Ojj = , 






(C.4) 
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with the last two conditions remaining vahd if Cj, ej are replaced by fi, fj. The generators hi 
are even, and the generator fi is even or odd if e^ is. If an > the integer — ^ is negative, and 
if i is odd, it is also even. 

In a Borcherds algebra there is still a triangular decomposition of the form A = N~ © % ® A/"^, 
and it is still possible to define roots as in the Kac-Moody case. Furthermore, if an > 0, the 
algebra generated by {/j, /ij, Cj} for i even, or by these together with [/j, /«] and [cj, Cj] when i is 
odd, are isomorphic to 5 [(2) or 0Sp(l|2), respectively, and the algebra can be decomposed into 
finite dimensional representations of these (super) algebras. When an < 0, one has the same 
algebras but the Borcherds algebra contains infinite-dimensional representations of them. In 
the case that an = 0, the sub-algebra generated by {fi,hi,ei} is isomorphic to the Heisenberg 
(super)algebra. 

In the case of the Borcherds algebras encountered in half-maximal D = 3 super gravities the 
standard forms for the Cartan matrices associated with the duality sub-algebras are not sym- 
metric. However, they can be made so by multiplying them by appropriate diagnoal matrices 
in such a way as to ensure that the above conditions are valid. 



D Superspace cohomology 

Since the tangent bundle splits into even and odd parts it is possible to split the space of n-forms 
into spaces of {p, g)-forms, p + q = n, where a {p, q) form has p even and q odd indices: 

where, in this appendix, spinor indices run from 1 to 32. The exterior derivative splits into four 
terms with different bidegrees: 

d = do + di+tQ + ti , (D.2) 

where the bidegrees are (1,0), (0, 1), (— 1, 2) and (2,-1) respectively. The first two, do and di, 
are essentially even and odd differential operators, while the other two are algebraic operators 
formed with the dimension-zero and dimension three-halves torsion respectively. In particular, 

(i0^p,(?)a2...ap/3i.../3q « r(/3i/32"'^ai|a2...ap|/33.../3q+2) • (D-3) 

The equation d^ = splits into various parts according to their bidegrees amongst which one 
has 



(to)' = (D.4) 

todi + dito = (D.5) 

dj + todo + doto = . (D.6) 

The first of these enables us the define the cohomology groups Hf''^, the space of to-closed 
(p, g) -forms modulo the exact ones [38]. The other two then allow one to define the spinorial 
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cohomology groups Hg , but we shall not need these in this paper. In ten and eleven dimensions 
these cohomology groups are related to spaces of pure spinors and pure spinor cohomology 
respectively [39, 40, 41]. 

In D = 3, A^ = 16 supergravity the dimension-zero torsion is given in equation (2.1). The 
associated to turns out to have trivial cohomology for p > 1, a. result that greatly simplifies 
the problem of finding solutions to the differential form Bianchi identities. It can be derived by 
dimensional reduction from D = 10 [42] cohomology. It has also been discussed using different 
techniques in [43, 44]. 



E Bianchi identities 



E.l Two Forms 



dF^l^^l = 



(E.l) 



E.2 Three Forms 



dFs 

dp^lMNOP] 



F2OPF2 
plMNpOP] 



8 + n 



F20PF2 



(E.2) 



E.3 Four Forms 



dp^lMNOP] ^ p^[MNO p^P]Q 



^p^[MNO],P ^ ^p^P[Mp^NO] 



6 + n 



PlMp^N^p^O]Q^ 



4 D + n 

6 



dp^[MNOPQ],R ^ p^[MNOPp^Q]R _^ p^R[MNOp^PQ] _^ ^R\M p_NOP ^.p_Q]\ 

4 + n 



E.4 Five Forms 



(E.3) 



dp^WN] = aF4[^QF2^]« + 6F4[^qF2 



N\Q 



+ cF,^%qF2'''^ + hF,^^p,QF,PQ 

+ /F3^qF3^«+5F3^pq^F3^^«« 



(E.4) 



25 



Constraints 



54 4(5 + n) ^ , ^^ 
-a — 3o /i + 6/ 



6 + n 6 + n 

162 3(10 + n), , , 

-a + 3c+-^ r-^h + 6g = (E.5) 



6 + n 6 + n) 



^^^[PQRSTC/] ^ ^^^[pQRs^^Tf/]^.^^[PQR^^^SrC/] 



y 



Constraints 



+ j(i^4[^'5^^^VF2^'']+F4V'[^«^^'^F2^1^) (E.6) 



^ + 2^ - ^^,J = (E.7) 

5(5 + n) 



dF^[MNO],P ^ o{F^[MNp^O]P^p^P[Mp^NO]^^^P[Mp^N p^O]Q^ 

6 + n 

b + n 

+ 9(F4^^«qF/« + F4^[^^^qF2«1« - -^r?^[^F4^«]QKF2«^) 

o + n 

+ r(F4^^«'QF/« + F4^[^^'qF2«]« - -^ry^[^F4^«lQ,pF2«^) 

D + n 

+ s{Fr%^V^ + F4^[^Q,^F2«1« + -^r?^[^(3F4^Qp,«l + F4^^]q,p)F2«^) 

+ t(F4^^«QH,^F2«^ + F4^[^^QP,«lF2««) 

b + n 
+ t;(F3^^«yF3^^ - F3^[^^vF3«]^) (E.8) 



Constraints 



2 6(2 + n) 
'^-r+5(4T^* 

-2g + 2n. ^^ 



5(4 + n) 

- 4 + n 
5 

3p = 4y - /^r + s. (E.9) 



1 3 

27o = -(4 + n)u + -(4 + n)t + 2v 
3 5 



^^^(MiVO),P ^ p{F^(MNp^O)P 



- ^(2r,^(^F4^QF2«)« - r,(^^(F4«)QF/« + fJ%F2^^''))) 

+ g(i-/Q(^'^QF2«)« 

- ^^^(2r/^(^F4Q«^'«)F2«« - ^(^^(F4Q««)'^F2«« + F4q^I^I'«)F2«^))) 

+ r(F3(^^F3«)^ - :^y^F3^[^^vF3^]^) (E.IO) 

2(6 + n) 
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Constraints 



P 



(E.ll) 



Constraints 



+ 



(4 + n)(5 + n)^Q^^^ ^^ ' ' 
+ i ((.-^4' [Q +-^4[Q j-f'2 '_R] 

- (I^%((^4 JT + F4' T, ') 

^(^r,[^r;^(F4«^V,v^ - F4,;^«.^1)F,«^) 



)i^2i?f 



+ 



Vf O p [MAfO N p P\V 

QRV, - ^r [Q\V\,R])^2 



+ ^((^4 v\Q + ^A [Q\V\, )^2R] 

I ( P [MAT O 



- ry[^(i^4^%]^y,^l + F4^^^Vy,ij)F/^ 
(4 + n)(5 + n) ^ 



K 



(E.12) 



^ 4^ 3 , 3 (lO + n, 

-r--S--A + — -^ ^A = 

3 2 10 4 + n 

^ ^ 1 , 3 (10 + 2n) , 

r + s + -A -^ ^A = 

2 10 4 + n 



(E.13) 
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